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Abstract: In this paper three electric fields are described via Darboux triad components
in Euclidean 3-space. Later variations of three cases of electric field with respect to Darboux
triad are studied. Finally Lorentz force equations are presented via electromagnetic magnetic

curves with respect to Darboux triad in Euclidean 3-space.
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§1. Introduction

The geometric phase is described as the angle of rotation a light wave travelling in optic. The
phenomenon of a geometric phase have many applications in condensed-matter physics, optics,
particle physics, gravity, cosmology, chemical physics and mathematics [1-6]. The geometric

phase is connected with parallel transport of the polarization along curved light [7-9].

Berry studied adiabatic phase and Pancharatnam’s phase for polarized light [10]. Recently

numerous authors presented the the electric field variation of along an optical fiber [11-14].

Balakrishnan et al. presented anholonomy density via Frenet triad in Euclidean 3-space
&3 [15]. Three geometric phases and parallel transports for numerous frames have been investi-
gated by Giirbiiz in [16-20]. Balakrishnan introduced geometric phase for first class associated
with some solitons for Darboux triad in €3 [21]. New classes associated with the nonlinear
Schrédinger N LS equation for Darboux triad in £ have been given in [22].

The electric polarization theory contains the geometric phase phenomenon [23]. Mukunda
and Simon showed that the unit electric vector field E is written via the principal normal vector
field N and the binormal vector field B of the Frenet triad {T, N, B} in Euclidean 3-space [24].
In this paper we express three electric fields via Darboux triad apparatus. Later evolutions of
three electric fields are studied via Darboux triad in £3. Eventually Lorentz force equations are

obtained via electromagnetic curves with respect to Darboux triad in £3.
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§82. Preliminaries

Let T'; be a curve on a connected surface S with the arc length o in £3. Apart from Frenet
triad, at every point of curve, there is a Darboux triad {t,g,n}. t is the tangent vector, n

is the normal of surface and g =t x n. The spatial evolution of the Darboux triad {t,g,n} is

given by [25]
to 0 nﬁf) k) t
g, | = —ﬁgc) 0 'rg(g) g (1)
n, —;fo) —Tég) 0 n

(<) (s)

. . . S
kg~ is the geodesic curvature, the normal curvature is sy, (<)

and 7,° is the geodesic torsion of
the curve I'y. The time evolution of the Darboux triad {t,g,n} is given by

(0) (0)

ty 0 Kg Kn t
g |[=| s 0 7 ]|e (2)
n, —/-esf) —Tg(o) 0

where u denotes time and t,, = %.

A magnetic field is a closed 2-form F in £3. The Lorentz force ® of a magnetic background
(&3,(,)) is a (1,1) type skew-symmetric tensor and it is described as

F(z,y) = (Pz,y)

2,y € x(E3). A smooth curve I' in (€3, (,)) is described as a magnetic curve of the dynamical
system connected with the magnetic field F if its velocity vector field satisfies the following
differential equation I',, = ®(I',). Divergence free vector fields and magnetic fields are one to

one correspondence, the Lorentz force ® concerned with the magnetic field M [26], [27]

O(z) =MAz.

§3. Geometric Phase for First Case of Electric Field with Darboux Triad in &3

Balakrishan introduced first frame {P1, P2, P5} and first transformation £ of curve evolution
concerned with the NLS equation with respect to Darboux triad in £ as following [21] :

P, = t,Py= grm iy ngg)dal, P; = g —if7r{Vds’ (3)

V2 V2
I{g + ilin ei fa Tég)do_/ '

V2

The spatial evolution of the first frame {Py, Py, P5} is given by

£ = (4)

Pi; =Py +EP;, Py, = —EPy, P = —E'Py (5)
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where £* is the conjugate of £. Also temporal evolution of {Py, Py, P5} is
P, = t,=-\Py—- )P} (6)
Py, = AP, +iIP» (7)
where Z(o,u) is a real function. From Ps,, = Payy, it can be obtained:
T, =X —iX*E. (8)
where
AD;dodu = (7‘5(,2) - Tég))dadu

is first anholonomy density measure for polarization plane of linearized light wave travelling
along optic fiber in £3 [21].
A= ) padt (9)

V2

satisfies Eqgs.(6), (7) and (8). The time evolution of the Darboux triad is given by

ty, = §1(0) Xt =rg-+wn (10)
g, = @7 xg=—rt+7n (11)
n, = g{o) xn=—wt— Tg(o)g (12)

where ! = (7{”t+Big+Cin), r = C1, w = —By. Using Eq.(4) and Eq.(9), Z, = s\ r—k{ ) w.
The time evolution of Darboux triad for first class can be written by

t, =rg+wn (13)
o1 ,

gy =—rt+ (/ Tg(z)dO' —I)n (14)
g1 ,

n, = —wt — (/ m\)do’ —T)g (15)

and anholonomy density
AD;(0,u) = T, = —rk() + wnég)

for first class. Total phase P for first class with respect to Darboux triad in Euclidean 3-space

u o1 u2 o1
P = _/ / Igdgdu:/ / (t,to X ty,) dodu
ul oo Ul g0

u o1
/ / (—rel) + wmég))dadu
U1 g0

is given by
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Also [22]
P, = _i£;P2 + ZfO‘P;
P2u = _Z.SO'PI + IP27
Py, = i —IP;, T =igg.

From Py, = P1yy and Py, = Py, the NLS equation system

£y i€y + i€ €
£ = —if,,—ilE]E.

is obtained.

A optical fiber can be described by the curve I'; (') on any surface with respect to Darboux

triad in £2. The change of the electric field E; can be written by
Eic = g1t + pog + p3n.

Case 1. Assume that
(Eq,t) = 0.

Using Eq.(16) and Eq.(17), it can be obtained
o1 = —1g (E1,8) — tin (Ey,m) .
When no various loss mechanism along the optic fiber,
(E1,E1) = const.
Using Eq.(16) and taking derivative with respect to o of Eq.(19), it can be derived
¢2(E1,8) = —¢3 (E1,n).
Via Eq.(20), it can be obtained

w2 =w(E1,m), p3=—(Eyg)

(16)

(19)

(21)

The evolution for the polarization of light wave travelling from the point I'y (o) to the point

I'1(01) along the I'y = T'y(0) curve with respect to Darboux triad is given by the evolution of

the electric field E;.

Consider (Eq,g) # 0, (E1,n) # 0. Substituting Eqgs.(18) and (21) in Eq.(16), the change

of the electric field E; is written by

Ei, = (—kg (E1,8) — £y (E1,n))t+w (E1,n) g—w (Eq1,g)n

(22)
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where w@ is a parameter. Using Eq.(20) for @ = 0, Eq.(22) is rewritten by
Ei; = (=g (E1,8) — fin (E1, m))t (23)

The Fermi-Walker derivative of the electric field E; with respect to Darboux triad in £3 is
given by
PEWE,  =Ei, — (t,E1)t, + (t,,E;) t. (24)

The electric field E; is the Fermi-Walker parallel transport if and only if
PEWE, ., = 0. (25)
Using Eqgs.(17), (24) and (25) it can be obtained
Ei, = (t,, E1)n. (26)
The electric field vector E; with aid of the Darboux triad apparatus g and n is expressed

by
(g +in) g—in

V2 V2

where E;E* = 1 and |Q(0)|* 4 |Q*(0)|> = 1, E} is complex conjugate of E;.

'PZ/ Téc)dol

is the change phase of the polarization light injected into this fiber with respect to Darboux
triad in £3.

E., (o) = Q(0) + Q% (0) (27)

Qo) = ¢ 7 75747 O o)

0 (o) = e_i S Téc)d"/ﬂ*(ao)

with the polarization coefficients are

Also via Pa, P35, Q(0g) and Q*(0g), the electric field E; (o) is expressed as
El(O') = PQQ(O’()) + P;Q*(UO) (28)

Respectively, taking derivative with respect to o and the time u of Eq.(28), the spatial and
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temporal evolutions of the electric field E; for Darboux triad are derived as following:

Ela = PQUQ(UO) + PSUQ*(UO)
Elu PQUQ(UO) + P;uQ*(UO)

From compatibility condition Ei,, = Ej,, the nonlinear Schrédinger NLS equation
system.

The Lorentz force equation ®®*) of the electric field vector E; is given by

dME, = E, = M® x E, (29)

and
<<I>(t)E1,t> S <E1,<I>(t)t> : <<I>(t)E1,g> - <E1,<1>(t)g> (30)
<<I>(t)E1,n> - - <E1,<I>(t)n> . (31)

The trajectory of travelling particle along the magnetic field M® with respect to Darboux
triad in £2 is described as electromagnetic trajectory. If DEM® curve follows the magnetic
trajectory, it is described as the Darboux electromagnetic curve in £3. With the help of Eqs.
(30), (31) the Lorentz force ®* equations in the Darboux force equations of the DEM® curve
of the I'y are given by

oM (t) 0 —k{) —kY t
() | =| s 0 = |l (32)
o) (n) K 0

DEM® curve of the I'; is a magnetic trajectory of the magnetic field M(Y) divergence free
field iff M(®) is given by in the following

M® = —mt + Kn8—Rgh

§4. Geometric Phase for Second Case of Electric Field with Darboux Triad in &3

Respectively, the second frame {Q1, Q2, Q5} and second transformation ¢ associated with the
NLS equation via Darboux triad is given by [22]

Q = g (33)
Q = EBeradi qp LT i (34)

V2 V2

(<)

(—Hyg =

+ 1Ty ) ei 17 w{ao’

NG
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Using Eqgs.(33) and (34) the spatial evolution of the frame {Q1, Qz2, Q3} is given by

Qo = ¢"Qa+0Q5
Q20 = 7¢Q1
Q;a = _¢*Q1
* _ (711(071'75“')) —i[C mﬁf)da
where ¢* = QT .
Consider
Qv = 8u=0a2Q2+0:Q5+c2Q (36)
Q2w = h2Q2+ f2Q5 +9Qu. (37)

From (Q14, Q1) = 0= ¢2 =0, (Q1u, Q2) = b2, (Qau, Q1) =0 = by = 0,
(Qa2u, Q2) = f2 =0, (Q3,, Q2) = —ha = hy = — [ and az = —V".
Eqgs.(36) and (37) are rewritten by

Quu = gu=-9"Q2—9Q; (38)
Q2w = YQ1+1iJQ (39)
with J(o,u) a real function. From Qayue = Qasvy the followings are obtained

Pu
Jo = W¢" —i)"¢. (40)

e +1T P

g1 ,
When t and n rotates around g with 555)(0), a geometric phase P = [ K (0)do  arises

go

between t, n and corresponding nonrotating Darboux triad in £3.

When the linearized light wave travelling moves from w; to us along the curve in optic fiber,
U
a geometric phase P = [ K\ (u)du arises between natural Darboux triad and nonrotating

Uy
Darboux triad in Euclidean 3-space. The rotation angles of polarization plane can be given by

P = k90,u)Ac + k(0 + Ao, u)Au
Py = w90,u)Au+ £ (0,u+ Au)Ao

The phase difference are given by 6P = P; — P2 = ADy (0, u)AcAu.
ADy = (msﬁz — /-@532) is second anholonomy density measure for polarization plane of linearized
light wave travelling along optic fiber for second case in £3. Also

(I +iw)

e i do (41)

satisfies Eqgs.(39) and (40). The time evolution of Darboux triad for second class is given by
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22]
t, = < xt=—Ig+rn (42)
g = <2(o) x g =1t +wn (43)
n, = <2(0) xn= -kt - wg (44)

where CQ(O) = Ayt — /fgf)g +Con, l = —Cy, w= —As.
Using Egs.(35), (40) and (41) it can be obtained

To = —(r1 + £ w). (45)

From Egs.(34), (39), (42), (43) and (44), the time evolution of Darboux triad for second
class with Eq.(43) is given by

o1
t, = lg+ (/ Kisado — J)n

n, = —(/ kS)do — Tt — wg

and the anholonomy density ADs(o,u) = —J, = (Tég)l + /@(f)w) for second class. Total phase

P for second class with respect to Darboux triad in £2 is given by

uz  poi uz  po1
P = —/ / Jodadu:/ / (Tg(c)l—kngf)w)dadu
Ul (o4 U1 oo
u o1
= / / (8,8, X gu) dodu.
5% oo

The quantum geometric phase for second class of curve evolution with respect to Darboux

triad in 3 is obtained o 5 qu
P=if dog [ Qi i

Also [22]

Qlu = _i¢;Q2 + Z'(ZSUQZa Q2u = _i(bO'Ql + JQ27
Q;, = i9,Q1—JQz, J =ipp*

From ¢1ue = P10 and d2ue = P2ou, the NLS equation
¢u:i¢oa+i|¢‘2¢

is obtained.

A optical fiber can be described by a curve I'y(o) with respect to Darboux triad in £3. The
direction of electric field Es is given by the direction of the state of the linearly polarized light
wave injected to the fiber with respect to Darboux triad in £3. The change of the electric field
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E, with respect to Darboux frame in £3 can be given by
Eor = Gt + (28 + (3n. (46)

Case 2. Assume that
(E2,8) =0. (47)

Using Eqgs. (46) and (47), it can be written by
(2 = =g (B2, t) — 74 (E2,m) (48)

Consider
(E2, Eq) = const. (49)

Taking derivative with respect to o of Eq.(49), the followings are obtained
G (Ez, t) = =3 (E2,m) (50)
G =x(Ez2,n), ¢=-x(Et) (51)
where x is a parameter.

Using Eq.(20) and (E,t) # 0, (E2,n) # 0. Substituting Eqs. (48) and (51) in (46), the
evolution of the electric field vector Eg with respect to Darboux triad is given by

Es, = x (Eg,n) t+(—ry (Es, t) — 75 (E2,n))g — x (B2, t)n (52)

Via Eq.(52) for x =0,
Ezo = (—rg (B2, t) — 75 (E2,n))g (53)

The modified Fermi-Walker derivative for the electric field vector Es with respect to Dar-

boux triad for second class is described by
PV By, = Eas — (8, E2) 80 + (8, E2) 8 (54)
The electric field E5 is the modified Fermi-Walker parallel if and only if
bmEWE,  =0. (55)
Via Eqgs.(47), (54) and (55), one obtains Es, = (g,, E2) n.
The electric field vector Es with aid of the Darboux triad apparatus t and n can be

expressed by
(t +1in) t —in

N RN

E;(0) = T(0) (56)

where EoE3 = 1 and [Y(0)* +|T*(0))* = 1.
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Here Y(o) and Y*(0) are

’
—i o1 k(S do

T(o) = I 9 P (g0), TH(o) = e T*(00) (57)
and the polarization coefficients are

t—in

V2

t+in
V2

Via Eqs.(34) and (57), Eq.(56) is re-expressed by

T(o0) = ( >* E»(00), T"(00) = ( >*E2(00) (58)

Ez(0) = Q2T (00) + Q517 (00). (59)

Respectively, the spatial and temporal evolutions of the electric field Es for Darboux triad
are derived as following:

Ey = QZJT(UO) + Q;JT* (UU)
E), = QQuT(JO) + Q;uT*(UO)

From compatibility condition Esy, = Eoy,, the NLS equation system connected with the
electric field E5 is derived.

Geometric phase for polarized light injected into a fiber with respect to Darboux triad for

732/ kdo .

Consider the Lorentz force equation ®@ for second case of the electric field vector

second case in £2 is given by

PWE, = By, = MW x E, (60)

and
(OB, t) = —(Ez,00¢), (0WEyg) = - (Es, 0g), (61)
<<1><9>E2,n> - - <E2, <1><9>n> . (62)

The trajectory of travelling particle along the magnetic field M) with respect to Darboux
triad is described as the electromagnetic trajectory. If DEMY curve follows the magnetic
trajectory, it is described as the Darboux electromagnetic curve. With the help of Egs. (61)
and(62), the Lorentz force ¢ in the Darboux triad of the DEM) curve of 'y are given by

o) (t) 0 fnég) —X t
eW(g) | =| &y 0 7, g (63)

®(9) (n) X —Tég) 0
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Via Eq. (63), the vector field divergence free M(9) is given by

MY = yg + Tgl—Kgn.

85. Geometric Phase for Third Case of Electric Field with Darboux Triad

The third frame {Rq, Rz, R3} and the third transformation ¢ for third class of curve evolution
concerned with the NLS equation with respect to Darboux triad in £ are given by [22]

R1 = n, (64)
t+ igei for /{;g)d0-/7 R; _ t— ige,ifal ,{?)dg/ (65)

R = =5 2

(k5 + irs) e’

= 66
{8 NG (66)
Using Egs. (65) and (66), the spatial evolution of {R4, Ro, R}} is given by [22]
Ri, = —¢¥"Ra — YR3, Ras = ¥Ry, R, =¢"Ry (67)
* _ (68 —ir Dy —iye n(g‘)da,
Where w = Tg
Consider
Rlu =n, = CL3R2 + bgR; + 631:{,17 (68)
Ry, = hsRo + ng; + 77R1. (69)
From <R1U7R1> =0=c3=0, <R1U,R2> = bg, <R2u,R1> =nN= b3 = i/l
(Rou, R2) = f3 =0, (R1u, R3) = a3 = " = a3, (R3,,Ra) = —h3 = hz = —f3.
Egs. (68) and (69) can be rewritten by
Rlu =1y = —77*R2 - 77V§7 (70)
Ry, =Ry + iLRo (71)
with £(o,u) is a real function. From Rg,, = Ra,, the followings can be derived by
'(/}u =N+ iﬁai/% (72)
Lo =in"y —in". (73)
o1
When t and g rotates around n with /-@Ef) (0), a geometric phase P = [ Hég)da arises

oo
between t, g and corresponding nonrotating Darboux triad in £3. When the linearized light

wave travelling moves from u; to us along the curve in optic fiber, a geometric phase P =

Uz
f néo)du develops between natural Darboux triad and nonrotating Darboux triad in £3. The
75
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rotation angles of polarization plane can be given by
P = ngg)(a, u)Ao + /{go)(g + Ao, u)Au

Py = /iéo)(O', w)Au + mgf) (o,u+ Au)Ac.

Phase difference are given as dP = Py — Py = AD3(0,u)AcAu, where AD; = (néi,) - né‘;))
is third anholonomy density measure for polarization plane of linearized light wave travelling
along optic fiber for third class in £2. Also

n=— (.7 + ZZ) ei S n(gc)da (74)

V2

satisfies Eqs.(70), (71) and (73). The time evolution of Darboux triad is given by [22]

by = Xt =r{"g — jn, (75)
8u = Céo) X g= —/ﬁgo)t —zn, (76)
n, = g?()o) xn=jt+z2g (77)

where §3 = Ast + Bsg + /4:( ‘n, z = —As, j = Bs. Using Egs. (66), (74) it can be obtained
Lo =jr{d) — k(). (78)

The time evolution of Darboux triad for third class connected with the NLS equation is

given by
n, = jt + zg (79)
o1
t, = —jn — (/ k)ldo’ — L)g (80)
(L— / (‘)da t —zn. (81)

The anholonomy density ADj3 for third class with respect to Darboux frame in Euclidean
3-space:
ADs(0,u) = —Lg = K92 — jTg(<). (82)

and the total phase P for third class with respect to Darboux triad in £3 is given by
U2 o1
— / / Lydodu
U1 g0
U o1 u2 o1
/ / (k)2 — jrég))dadu = / / (n,n, X n,)dodu.
w1 oo Ul (o4

The quantum geometric phase is given

P

) g1 8 U2 .
P:z/a da% (Ra2u, R3) du.

0 U1
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A optical fiber can be described by a curve I's(c) with respect to Darboux frame in &£3.
The direction of electric field E5 denotes the direction of the state of the linearly polarized light
wave injected to fiber with respect to Darboux frame in £3. The change of the electric field E3

with respect to Darboux triad can be written by
Ega =mt+ Tog + m3N. (83)

Case 3. Assume that

(E3,m) =0. (84)

From Eq.(84)
<E307 Il> = <E37"int+7—gg>

T3 = ki (B3, t) + 7, (B3, 8) (85)

Also
(E3,E3) = const. (86)

Using Eq.(83) and taking derivative with respect to o of Eq.(86), it can be obtained
Uy <E37 t> = —T2 <E37 g> (87)

m =€(Es,g), m = —€(E;s,t) (88)

where € is a parameter. The evolution in the polarization of light wave travelling from the point
T'5(0p) to I's(o1) along curve with respect to Darboux triad is given by the evolution of the
electric field Ez. (Es,t) # 0, (E3,n) # 0. Substituting Eqgs. (85) and (88) in (83), the Eq.(83)
is rewritten by

Es, =€ (E3,g)t — e (Ea, t) g+(ky, (Es, t) + 74 (B3, 8))n (89)

Via Eq.(89) for € = 0,
ESo‘ = (ﬂn <E37 t> + Tg <E37 g))n (90)

The modified Fermi-Walker derivative for the electric field E3 with respect to Darboux
triad for third class is described by

DmFWESa‘ = E3, — <1’1, E2> n, + <n07 E2> n (91)
The electric field E5 is the Fermi-Walker parallel if and only if
PmEW R, = 0. (92)

Via (84), (91), (92), one obtains Es, = (n,, E2) n.
The electric field vector E3 with respect to the Darboux triad apparatus t and g can be

written by
(t +1ig)
V2

t—ig

E;(0) = X(0) 7

+X*(o) (93)



30 Nevin Ertug Giirbiiz

where EsE; = 1 and |£(0)]> 4 |2*(0)|* = 1. Here

!
—i /o1 k(D ao

S(o) = ¢ 75040 5 (00), S5 (o) = e

The polarization coeflicients are

o+
|
.
0]

(o) = (
Eq.(93) is re-expressed as the following
E3(0) = RoX(0¢) + R5X%(00) (95)

When taking derivative with respect to ¢ and the time w of Eq. (95), the spatial and

temporal evolutions of the electric field E3 for Darboux triad are derived as follows

E30 = R202(00> + R;UE*(O'())
E3u = R2u2(00) + R;uz*(ao)

From compatibility condition Es,, = Esys, the nonlinear Schrédinger equation NLS

system connected with the electric field E3 is obtained.

’P:/ I€§<)d0'/

is the change phase of the polarization light injected into a fiber for third case of the electric
field with respect to Darboux frame in £3. Consider the Lorentz force equation ®( for third

case of the electric field vector

o"ME; = Ej;, =M®™ x Ej,
<<1>(">E3,t> - — <E3,¢><”>t> , <<I)(")E3,g> - <E3,q><">g>
<<1><">E3,n> S <E3,<1><”>n> .

The trajectory of travelling particle along the magnetic field M(") with respect to Darboux
frame is described as the electromagnetic trajectory. If the curve DEM™ follows the magnetic
trajectory, it is described as the Darboux electromagnetic curve. With the help of Eq. (61)

the Darboux Lorentz force equations along the optic fiber for third case the electric field are

obtained
M) (t) 0 —e kY t
> (g) | = ¢ 0 g (96)

o) (n) —mﬁf) —Tg(,g) 0
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DEM®™ curve of the I's is the magnetic trajectory of the magnetic field M(™ iff the vector
field divergence free M(™ is given by

M = k&g — 6H+T!§§)t.
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