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Reality with Smarandachely Denied Axiom

Linfan MAO

1. Chinese Academy of Mathematics and System Science, Beijing 100190, P.R.China
2. Academy of Mathematical Combinatorics & Applications (AMCA), Colorado, USA
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Abstract: Usually, one applies mathematics to hold on the reality of matters in the uni-
verse, i.e., mathematical reality and a few peoples firmly believe that classical mathematics
could handle this things with no needs on its extension. However, it is not the case be-
cause contradictions exist everywhere but classical mathematics must be logically consistent
without contradiction in the eyes of human beings. The fatal flaw in this view is it’s priori
assumption that the universe is uniform, and then can be characterized by homogeneous
characters with classical mathematics such as differential equations. However, the universe
including its matters are not uniform, even being messy. This fact implies that one should
extend classical mathematics to an enveloping one for understanding matters in the universe
and bearing maybe with contradictions, i.e., such systems in mathematics including with
Smarandachely denied axioms. Certainly, an axiom is said Smarandachely denied if the ax-
iom behaves differently, i.e., validated and invalided, or only invalidated but in at least two
distinct ways in a system S. Such a system S is said Smarandace system. The main purpose
of this paper is to introduce the Smarandachely denied axiom, show its contribution to re-
ality and explain the role of its equivalent form, the Smarandache multispace for extending
classical mathematics, i.e., mathematical combinatorics for understanding matters because

each matter always inherits a topological structure by its nature in the universe.

Key Words: Reality, mathematical reality, CC conjecture, mathematical universe hypoth-
esis, Smarandachely denied axiom, Smarandache system, Smarandache multispace, mathe-

matical combinatorics.

AMS(2010): 03A05,03A10,05C22,51-02,70-02.

§1. Introduction

Usually, all matter in the universe are colorful, maybe with mystery and complex mechanism to
the human eyes no matter it is living or not. We understand matters by the reality for promoting
the survival and development of humans ourselves in harmony with nature. However, we are
embarrassed hardly know their true face unless their surface characters before humans and even
S0, it could be also a false vision or hallucination, just feelings of humans. Then, what is the
reality of a matter? The word reality of a matter 7T is its state as it actually exist, including

everything that is and has been, no matter it is observable or comprehensible by humans. For

1Received June 5, 2021, Accepted August 25, 2021.
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humans ourselves, a natural question is could we really hold on the reality of matters in the
universe? It should be noted that the answer is different in the scientific and the religious. For
examples, all matters are illusion of humans claimed by Sakyamuni in his famous Diamond
Sutra and the universal truth can be restated but the restated truth is not the universal one
asserted by Laozi in his Tao Te Ching. However, nearly all scientists firmly believe that we can
open the cover enveloped on matters, find their true face and then, hold on the natural laws of
universe. Here, we do not discuss who’s right or who’s wrong. Even if we can really open the
cover on matters in the universe, there is also a question on reality, i.e., how to characterize the
reality of matters? The answer is nothing else but the science or particularly, the mathematical
sciences.

We usually understand a matter by its characters or the system S of characters by knowing
the state z,(t) on time ¢ for elements v € S. However, we can only observe the state, estimate
and calculate the change rate of its elements on time t. Thus, we can not obtain directly the
state x, for v € S but a system of differential equations. We have to solve the differential
equation system for hold on the states x,(t),v € S.

Loy a(vy, v2) i’w i‘vl

a(v1,v2) Ly
a(va,v1) a(va,v1)
s | e e | e
e | e 2 A o ~ | A
sle SO sls alA ) s
s wb2 TV S S|s SN Ll
P BN s s | e [ N o> sle
S| & ¢ AR s |8 d |
= e 2 E o
a(va,v3) a(va, v3)
I”U4 a('U37U4) x’Ug I’U4 a(1137U4) x’[}g

(a) (b)

Figure 1. System States

For example, the differential equations of a 4-element system S’ = {vy, va, v3,v4} shown in
Figure 1(a) and (b) are respectively

&y = Fi1 (a(v2,v1),a(ve,v1)) &y, = Hi(a(v2,v1),a (va,v1))

Toy = Fo (a(v1,v2),a(vs,v2),a(va, v2)) or Zoy = Ha (a(v1,0v2),a(vs,v2),a(va,v2)) (1)
Eyy = F3(a(v2,v3),a (va,v3)) Fvy = Hsz (a(v2,v3),a(va,v3))

&y, = Fa(a(vi,v4),a(v3,v4),a (v2,vs)) Zo, = Hy (a(v1,v4),a(vs,v4) ,a(v2,04))

and then, we subjectively equate the state of S’(¢) with the solutions x,, (t), Ty, (t), Ty, (), To, (t)
of differential equations (1) without even knowing it maybe not true, where, x,, is the character
of element v; of the matter S, a(v;,v;) is the action of element v; on v;, F;, H; are action
functions for integers 1 < 4,57 < 4, and #,% denote the first or second differentials of x on
time ¢. It seems that a solution of differential equations (1) is a state of system S’ because
they are in causality. However, is the converse is true also, i.e., any state of S'(t) can be
characterized by x,,(t),1 < i < 42 The answer is inconclusive because the solution z,, (t),1 <
i < 4 is the state of S’(t) if and only if equations (1) are solvable and there is a bijection
¢ S'(t) < {2y, (t), Ty (), Tos(t), 2y, (t)}, but we can not conclude so unless subjectively in
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mind on classical mathematics. Certainly, a mathematical system should be logically consistent
without contradiction but lots of humans misunderstand this criterion, excluded contradictory
systems in mathematics, which results in the limitation of mathematics on reality of matters.
It should be noted that the most important thing is not excluded contradictions but how to let
them coexist peacefully in mathematics for extending the limitation of classical mathematics
and establish an envelope mathematics, in which classical mathematics only be its parts for
understanding matters in the universe. For this objective, the Smarandachely denied axiom is

a such one presented by F.Smarandache on geometry in 1969 following ([37],[40-41]).

Axiom 1.1 An aziom is said Smarandachely denied if in the same space the axiom behaves

differently, i.e., validated and invalided, or only invalidated but in at least two distinct ways.

By Axiom 1.1, there are Smarandachely conceptions on geometry following.

Definition 1.2([16],[37]) A Smarandache geometry is such a geometry that has at least one

Smarandachely denied azxiom.

A conception closely related to Smarandache geometry is the Smarandache multispace
defined in the following, which seems to be a generalization of Smarandache geometry but

equivalent to Smarandache geometry by a geometrical view.

Definition 1.3([17],[37]) Let (X1;R1), (22;R2), -+, (Bm;Rm) be m mathematical spaces,
different two by two, i.e., for any two spaces (£;;R;) and (X;;R;), Xy # X; or ¥; = X; but
Ri # Rj. A Smarandache multispace S is a union U X; with rules R=JRion f], i.e., the
=1

i=1 i

union of rules R; on X; for integers 1 < i < m, denoted by (i,ﬁ)

The Smarandache multispace inherits a topological structure G with a generalization,

i.e., continuity flow consisting of the element in mathematical combinatorics.

Definition 1.4([11-12]) For an integer m > 1, let (i,ﬁ) be a Smarandache multispace con-
sisting of m mathematical systems (X1;R1), (B2;Ra), <+, (Bm; Rm). An inherited topological
structure G* {i,ﬁ} of (i,ﬁ) is a labeled topological graph defined following:

V(GH[SR]) = (Z1,52 S,

E (GL [i;ﬁD = {(2,5) SN, £ 0, 1<i#j <m} with labeling

L: Zz%L(Zl)ZZz and L : (2“27)—)[4(21,2]):22“2]

for integers 1 < i # j < m, such as those shown in Figure 2 for the case of m =4 and G ~ K.

O

bR 1% )N
vl g g
D ¢ D
¢ b 04
< “

» by
4 > ﬂ = 3

Figure 2. Graphs inherited in a Smarandache multispace



4 Linfan MAO

Now, what is the contribution of Axiom 1.1 in extending of classical mathematics and what
is its role with the reality? The main purpose of this paper is to introduce the Smarandachely
denied axiom, survey its contribution to geometry, and then from Smarandache multispace to
mathematical combinatorics for extending classical mathematics to mathematical combinatorics
for understanding the reality of matters in the universe because each matter always inherits a
topological structure by its nature.

For terminologies and notations not mentioned here, we follow reference [4] for algebra, [5]
for topological graphs, [16-18] and [37-38] for Smarandache geometry, multispaces and Smaran-

dache systems.

82. Smarandachely Denied Axiom to Geometry

Notice that the Smarandachely denied axiom is originally presented on geometry, which enables
one to generalize geometry to Smarandache geometry concluding classical geometry as its parts.
In a Smarandache geometry, the points, lines, planes, spaces, triangles, --- are respectively
called s-points, s-lines, s-planes, s-spaces, s-triangles, --- in order to distinguish them from
those in classical geometry. Although it is defined by Definition 1.2, an elementary but natural

question is shown in the following.

Question 2.1 Are there non-trivial Smarandache geometry constraint in logic?

The answer is certainly Yes! For example, the axiom system of Euclidean geometry consists
of 5 axioms: () There is a straight line between any two points; 2 A finite straight line can
produce a infinite straight line continuously; 3) Any point and a distance can describe a circle;
@ All right angles are equal to one another; B If a straight line falling on two straight lines
make the interior angles on the same side less than two right angles, then the two straight
lines, if produced indefinitely, meet on that side on which are the angles less than the two right

angles. Then, we are easily construct a Smarandache geometry following.

Ll LQ

c £ L C
D

D

A F G B A /E B
(a) (b)

Figure 3. A non-trivial Smarandache geometry

Let R? be a Euclidean plane and let A, B, C be three non-collinear points in R2. We define
s-points P, to be all usual Euclidean points in R? and s-lines £, to be any Euclidean line
passing through one and only one of points A, B,C. We show the pair {Ps; Ls} consists of a
Smarandache geometry: 1) The axiom (D) in Euclidean geometry is now replaced by one s-line
or no s-line because through any two distinct s-points D, E collinear with one of A, B, C there
is one s-line passing through them but through any two distinct s-points F,G lying on AB
or non-collinear with one of A, B, C, there are no s-lines passing through them such as those
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shown in Figure 3(a); 2) The axiom () is now replaced by one parallel or no parallel because if
we let Ly, Ly be two s-lines passing through C with L; parallel but Ly not parallel to AB in
the Euclidean sense, then through any s-point D not lying on AB there are no s-lines parallel
to L1 but there is one s-lines parallel to Ly if one of DB,DA or DC happens parallel to L.
Otherwise, there are no s-lines passing through D parallel to Lo, see Figure 3(b) for details.

More examples of Smarandache geometry can be found in [3], [6-7], [10] and [40-41]. Cer-
tainly, the quantitative characterization on the real face of matters lead to the neutrosophic
logic by Smarandachely denied axiom, which contributes the introduction of the degree of nega-
tion or partial negation of an axiom and, more general, of a scientific or humanistic proposition
(theorem, lemma, etc.) in any field. It works somehow like the negation in fuzzy logic with a
degree of truth, a degree of falsehood and a degree of truth, i.e. neither truth nor falsehood
but unknown, ambiguous, indeterminate (see [40-41] for details).

As a particular case, the Euclidean, Lobachevsky-Bolyai-Gauss and Riemannian geometries
may be united altogether by the Smarandache geometry in the same space because it can be
partially Euclidean and partially non-Euclidean, and it seems connecting with the relativity
theory and parallel universes because it includes the Riemannian geometry in a subspace but
more generalized. H.Iseri [6-7] constructed the Smarandache 2-manifolds by using equilateral
triangular disks on Euclidean plane R?, which can be come true by paper models in R3 for
elliptic, Euclidean and hyperbolic cases and in paper [10], L.Mao advanced a new method for
constructed Smarandache 2-manifold by combinatorial maps. Generally, it should be noted that
Smarandache n-manifold for n > 2, i.e. combinatorial n-manifold and a differential theory on
such manifolds were constructed by L.Mao in papers [11]. For n = 1, i.e., a curve in differential
geometry is called Smarandache curve if it holds with Smarandachely denied axiom, which
has been extensively researched and many researching, such as those of papers [2],[9],[36],[42]-
[47], [50] were published in the International Journal of Mathematical Combinatorics after it
suggested by L.Mao for the authors of [44]. In fact, nearly all geometries in classical mathematics
such as those of Riemann geometry, Finsler geometry, Weyl geometry and Kahler geometry are

particular cases of Smarandache geometry.

83. Smarandachely Denied Axiom to Mathematical Systems

Although the Smarandachely denied axiom is originally to geometry for generalizing the 5th
axiom of Euclidean geometry. Its notion can be generalized further to a generalized form on all

mathematical systems by replacing the word space with mathematical system following.

Axiom 3.1(Generalized Smarandachely denied axiom) An aziom is said generalized Smaran-
dachely denied if in the same mathematical system the axiom behaves differently, i.e., validated
and inwvalided, or only invalidated but in at least two distinct ways and then, a Smarandache

system is such a mathematical system that has at least one Smarandachely denied axiom.

For example, a Lie group G in classical mathematics is a Smarandachely denied system
because an element a € G is both a point on manifold G, also an element in group G. Thus,
if we let Axiom I be an axiom that points have no neighborhood C on G, Axiom II be that
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a~! is not exist for Va € G and Axiom IIT to be that the group operations (a,b) — a - b or

1

a — a~* are not C*°-mapping. Then, Axioms I, I and III are invalidated in a Lie group,

which implies G is a Smarandache system and in general, the result following can be verified.

Proposition 3.2 Let (S1,R1),(S2,Ra), -+, (Sn,Rn) be n systems in classical mathematics
with S; # S; or §; = S; but Ry # R for an integers n > 2, where S; is a set, R; C S; x S; for

integers 1 < i < n. Then, the union
(GO =(S1US U US,; RiIUR U URy)

is a Smarandache system.

Proof Similarly to the case of Lie group, define Axiom i to be (a,b) € R; for Va,b € S;
in (Z;10) if (a,b) € R; in (S;, R;) for integers 1 < i < n. Then, each Axiom 1 is invalidated in
(%;10), i.e., invalidated in at least two distinct ways. O

Notice that the Smarandache system (g ; ﬁ) in Proposition 3.2 is in fact a Smarandache
multispace by Definition 1.3, appearing not only in mathematics but also in physics, for in-
stance the unmatter composed of particles and anti-particles [39], and generally, the generalized
Smarandachely denied axiom is equivalent to Smarandache multispace.

Proposition 3.3 A mathematical system (X,11) is generalized Smarandachely denied if and

only if it is a Smarandache multispace.

Proof The proof on necessity of the result is similar to the decomposition shown in [22],
divided into two cases following.
Case 1. There is an axiom  in (3,1I) that behaves both validated and invalided. Define

Y1 = {z € ¥ hold with Axiom &7}, X5 = {y € ¥ hold not with Axiom &}.
Then, ¥ = 3, |JX,, i.e., (3,II) is a Smarandache multispace.
Case 2. There is an axiom in & in (X,II) that behaves invalidated but in distinct ways
Wi, Wa, -+, Wy, s > 2. Define 3; = {z € ¥ hold not with Axiom &/ in way W;} for integers
1<i<sand X9 =X\ | %, where ¥y maybe an empty set. Then
i=1

5 (U zl-)Uzo 3)

is a Smarandache multispace.

The proof on sufficiency of the result is similar to the proof of Proposition 3.2. Let (3,1I) be
a Smarandache multispace with ¥ =X, JX2J---UZ,, =R JR2U---UR» and (£;;R;)
being a mathematical space. Define Axiom A; = {z ¢ %; if € X;} for integers 1 < i < n.
Then, each axiom 4; in X behaves both validated, invalided, and also invalidated in n distinct

ways. O

Notice that there are many achievements of Smarandache multispaces in extending clas-
sical mathematics with applying to physics. For example, multigroups, multirings, multifields,
multialgebra and multistructure,- - -, etc. discussed in [1], [14]-[15], [17] and [48]-[49].
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84. Smarandachely Denied Axiom to Reality

4.1. Mathematical Reality. Proposition 3.3 enables one to discuss the reality of matters in
the universe by generalized Smarandachely denied axiom. Particularly, the reality discussed by
differential equations in physics, i.e., the mathematical reality is the reality on a matter or not.

The conclusion following is a little surprising for the usual view on classical mathematics.

Proposition 4.1 If Zy;, Z are respectively the mathematical reality or the reality of a matter
in the universe. Then %y C Z and furthermore, there are many examples hold with %y # X.

Proof The relation Z); C Z is obvious. For the inequality #Z); # %, many cases show the
mathematical reality is not the reality, even the ridiculous on reality of a matter in sometimes,
for instance the equations (1) are non-solvable, i.e., we can not obtain the state of system S’(t).
Even the equations (1) are solvable, we can not conclude their solutions describing the state
of system S’. For example, let Hy, Hy, Hs, Hy and Hi, H, H,, H) be two groups of running

horses constraint with running on respectively 4 straight lines

r+y = 2 T =

T+ = -2 T+y=2
o) Y or ® )

rT—y = 2 y=1

on the Euclidean plane R? such as those shown in Figure 4(a), (b) and (c).

N, | F
RS ‘A >
\ AN A
\\ / g \\\ i &
- T
D~ 0B
o oo\
T-y=2 /I z+y=
\

(a) (b)

Figure 4. Four horses on the plane

Clearly, the first system is non-solvable because x + y = —2 is contradictious to x +y = 2,
and so that for the equation z — y = —2 to x — y = 2 but the second system is solvable with
(z,y) = (1,1). Could we conclude that the running states of horses Hi, Hy, H5, H} are a point
(1,1), i.e., staying on the point (1,1) and Hy, Ha, H3, Hy are nothing? The answer is certainly
not because all of the horses are running on the Euclidean plane R?. However, we know nothing
on the state by the solution of the two equation systems because the solvability of systems (1)
or (2 only implies the orbits intersection, not the running state of the group of horses. O

Then, what is wrong in the example of the two groups of horses? The wrong appears
with the assumption that the solution of (1) or (2) characterizes the running state of horses
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H{,H,, H, H) or Hy, Hy, H3, Hy. Certainly, each equation in systems (@ or @) really charac-
terizes the running state of one horse but we can not equate the running states of the four horses
with the solution of () and (2) because they are different in objective, and maybe contradictory.
Generally, there is contradiction maybe if we characterize a group of matters within a same s-
pace. Indeed, we can eliminate the contradiction by characterizing them with different variables
of spaces, for instance in parallel spaces one by one. However, they are really a system with
relations on its elements, we should know their global state of the system, not isolated one on
its elements in the Euclidean plane R2. This case implies also that the non-solvable systems of
equations characterize matters also if each of them was established on the characters of matters
in the universe but the solution is not the state of the matter when it consists of characters more
than 2, which implies the classical mathematics is incomplete for understanding the reality of

matters, particularly, the biological systems in the universe.

Notice that a cosmologist, Max Tegmark proposed a hypothesis on the universe once, called

the mathematical universe hypothesis following, spread widely in the scientific community.

Hypothesis 4.2(Max Tegmark,[47]) The physical universe is not merely described by mathe-

matics but a mathematical structure, i.e., By = X.

Certainly, the mathematical universe hypothesis is essentially a duplication of the Theory
of Fverything. However, Proposition 4.1 concludes classical mathematics is incomplete for
understanding matters in the unverse, which implies that the incorrectness of the mathematical
universe hypothesis, or in other words, the first step to making this hypothesis work should
be the extending of classical mathematics, i.e., including contradictions, let them peaceful
coexistence in mathematics, and then it maybe set up on the universe.

4.2. Non-Solvable Equation System. Certainly, each linear equation ax + by = ¢ with
ab # 0 is in fact a point set Lyziby—c = {(z,y)|laz + by = ¢} in R?, such as those shown in
Figure 4(a) and (c) for the linear systems (O and @) with

Lz+y:2 m Lz+y:72 m szy:2 m szy:72 = ®7 Lw:y ﬂ Lﬂ?+y:2 m LI:l m Ly:1 = {(17 1)}
in the Euclidean plane R2. Generally, the solution manifold of an equation
g(xhxza”'?xn?y):(L nzl (4)

is defined to be an n-manifold Sz = (1,22, ,n, y(z1, T2, -+, T,)) C R*TL if it is solvable.

Otherwise, () in geometry and a system

(ESm)

of equations with initial values .%#;(0), 1 < ¢ < m in Euclidean space R™*1 is solvable or not

m
dependent on () Sz, # @ or = 0 in it geometrical meaning, where Sz, # () for integers
i=1

2



Reality with Smarandachely Denied Axiom 9

1<1<m.
Then, what is the reality of a matter T 2 Generally, let pu1, o, - - - , ft, be known and v;,7 > 1
unknown characters at time ¢ for a matter 7. Then, 7 should be understood by

re (U{m) Ul U ©)

k>1

n

in logic but with an approximation 7° = |J {u;} for 7 by humans at time ¢, which is nothing
i=1

else but the Smarandache system or multispace by Proposition 3.3. The example of 4 horses

m

run in the plane shows that applying the solution of equations (5), i.e., [ S, to the state of
i=1

a system S maybe cause a ridiculous conclusion, particularly in the case of the non-solvable.

m
In fact, the state of a matter 7 described by the system equation (5) is not [ Sz, but the
i=1

equality (6), i.e., Smarandache multispace. We should extend the conception of solution of

equations (5).

Definition 4.3([20]) The V-solvable, NA-solvable and non-solvable spaces of equations (5) are
defined respectively by

US#, [)S# and |JSz —[) Sz
=1 i=1 =1 1=1

What is the importance of the V-solvable and A-solvable space? Clearly, the V-solvable
space of (5) shown the state of the system characterized by (5). For example, the state of
the four horses should be the V-solvable space Ly yy=2|JLyty=—2JLy—y=2 |JLy—y=—2, n0t
the A-solvable space Lyiy—2 () Lyty=—2() Ly—y=2[) Ly—y=—2, the usual solution for system @),
and should be the V-solvable space Ly—y |J Lyty=2|J Le=1J Ly=1, not the A-solvable space
L=y Lyty=2()Ly=1()Ly=1, the usual solution for system @. And under what conditions
does the N-solvable space is the same of the V-solvable space? If we understand matters in
the universe by systems S, the answer of this question dependents on the unit elements in S,
i.e., the A-solvable space is the same of the V-solvable space only if the system of equations is
characterizing an unit element of S or view the behavior of S as a particle because the solution
of equations is pointing to the state of the element or the particle. Otherwise, the solution of
equations (5) would be pointing to unit elements more than 2, maybe contradictory without

solutions in the usual meaning.

By Definition 1.4, the V-solvable space of (5) inherits a topological structure G'* [§ g} with
vertex set V (GL [ggD and edge set V (GL [ggz}) respectively defined by

V(GL [ggD ={Sgz,;1 <i<m};
E (GL [59}) = {(S#,,5%,) if Sz Sz, #0,1<i+#j<m} and labelling

L:S# — Sz, and L: (Syi,Syj) %SyiﬂSyj,
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where 1 < i # j < m. For example, the topological structures of the equation systems @) and
@ are respectively shown in Figure 5(a) and (b) with points A, B, C, D and P shown in Figure
4(a) and (c).

foy:72 A L$+y:2 Lm+y:2 P Lm:y
P
B P P
D P
Loty C  Loy= Ly—x P Loy

(a) (b)

Figure 5. The inherited graphs of the running horses

Thus, the state of a system .S characterized by equations (5) can be characterized by its inherits
topological structure G [gy} on time ¢, i.e., G-solution of equations of (5) and obtain a general
conclusion that all equations characterizing the state of a system S must have a G-solution
whether they are solvable or not, which enables one to get the state G* {gg] (t) of the system
S on times, no longer dependent on the solvability of the state equations of system S. For details
on G-solutions of non-solvable systems of linear equations, ordinary differential equations and
partial differential equations, the reader is referred to the references [19-21] and [24].

4.3. Stability. One advantage of the G-solution on equations of a system S is that we can
generally define the stability of S by G* [5 g} (t), not dependent on its usual solvability. In
classical mathematics, a system of equations is called stable or asymptotically stable if for
all solutions Y'(¢) of the equations with Y (t9) — X (to)] < d(e) exists for all ¢ > tp, then
Y (t) — X(t)| < € for Ye > 0 or furthermore, th_% Y (t) — X (t)| = 0. However, if the equations
are non-solvable, the classical theory of stability is failed to apply. Then how can we hold on
the stability of system characterized by equations (5), maybe non-solvable? For a system S
characterized by (5), we can generalize the stability of the usual to the w-stable by G-solution
of equations (5), not dependent on its usual solvability.

Definition 4.4([20-21]) Let G¥ {S’vy} (t) and GE [gy} (t) be two G-solutions of equations (5)

and let w : GF {ggz} (t) = R be an index function. Then, the G-solution of equations (5) is
said to be w-stable if there exists a number §(€) for any number e > 0 such that

o 0t [50] 0) - et [52] ) <
fort >ty or furthermore, asymptotically w-stable if

i o (et [57] )~ (05 [5-] )| =

t—o00

if the initial values hold with

lw (Gt [57] (t0)) = w (GF [$5] (t0))| < o).
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If the index function w is linear, we can further introduce the sum-stability of systems

characterized by equations (5).

Definition 4.5([20-22], [24],[26]) A G-solution is said to be sum-stable or asymptotically sum-
stable if all solutions x;(t),1 <i < m of equations of (5) exists for t >ty and

doxt) = Y vilt)
=1

i=1m

<&,

or furthermore,

lim =0
t—to

in(t) - > yilt)

i=1m

if |xi(to) — yi(to)|| < &, where, € > 0 is a real number and | X|| denotes the norm of vector X.

The sum-stability of ordinary differential equations and partial differential equations are
researched in references [17] and [20]. For example, the following result on the sum-stability of

linear ordinary differential equations was obtained.

Theorem 4.5([20-21)) A G-solution of system (5) of linear homogenous differential equations is
asymptotically sum-stable if and only if Rea; < 0 for B,(t)e*t € Sz,, 1 < i < m of linear basis,
where B3,(t) is a polynomial of degree less than k — 1 on t if a; is a k-fold root of characteristic

equation of the #; (x1,x2, - ,Tpn,y) = 0.

85. Mathematical Combinatorics

The mathematical combinatorics is such a subject that applying the combinatorial notion, i.e.
CC Conjecture in [13] to all other mathematics and all other sciences for understanding the
reality of things in the universe, happens to share the same view of Smarandache’s notion,
particularly, the Smarandache multispace by a combinatorial view.

5.1. CC Conjecture. Notice that the Smarandache multispace can be viewed as a combinato-
rial theory because it discuss the combination of spaces not only one as in classical mathematics.
Essentially, the CC conjecture is also a notion for extending classical mathematics presented

by imitating the 2-cell partition on surface initially following.

Conjecture 5.1([13],16) Any mathematical science can be reconstructed from or made by

combinationization.

It should be noted that this conjecture claims that we can select finite combinatorial rulers
and axioms to reconstruct or make generalization for mathematical sciences likewise Euclidean
geometry, abstract groups, vector space or rings such that the mathematics as a combinatorial
generalization of the classical one, and we can make the combinationization of different branches
in mathematics and extend them over topological structures because the classical mathematics
can be viewed as a mathematics over a topological point in space.
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Why is the CC conjecture important for extending classical mathematics? Because of the
limitation of humans ourselves in understanding manner, i.e., only partially or locally under-
standing likewise the philosophical implications in the fable of the blind men and an elephant,
we have to combine all the partially or locally understanding on matters in the universe, and
because the universe is a combinatorial one in human eyes, we should have such a mathematics
going with the understanding manner, i.e., mathematical combinatorics. Then, do we really
need a proof on the CC conjecture? No, not need! Because we have known all matters in the
universe are combined of elementary particles, and all livings are combined of cells and genes. If
we approve the scientific understanding on matters in the universe is by mathematics, then we
should extend classical mathematics to a combinatorial one catering to the understanding man-
ner, i.e., mathematical combinatorics because we can then understand matters form the partial
or local to the global by mathematics. Certainly, there are many achievements for extending
classical mathematics by CC conjecture after it was presented in 2006. For example, combina-
torial Euclidean space, combinatorial Riemannian submanifolds, combinatorial principal fiber
bundles and combinatorial gravitational fields, - - -, etc. are researched. For the contribution of
CC conjecture to classical mathematics, the reader is refereed to [18], which was motivated by

the combinatorial notion, particularly, the CC conjecture.

What is the relation of the CC conjecture with Smarandachely denied axiom? By Proposi-
tion 3.3, the generalized Smarandachely denied axiom is equivalent to the Smarandache systems
on mathematical science and the CC conjecture is a notion on mathematical systems over topo-
logical structures, they are essentially equal but the direction of CC conjecture is a little clearer
on extending classical mathematics because we already have the theory on topological graphs
which is essentially the combinationization of 2-dimensional manifolds ([5], [16], [18]) and we
can apply all achievements in the classical to mathematical combinatorics on elements, i.e.,

continuity flows, i.e., extending elements in classical mathematics over topological structures.

5.2. Continuity Flow. For understanding mat-
ters in the universe, classical mathematics provides
a quantitative analysis on their appearance in front
of humans with various hypothesis on interaction
of units. However, if one observer could shrinks his
body smaller as it needs, he will enters the interi-

or space of the observed matter and observes the

matter in a microcosmic level. Then, what will he

Figure 6. Neural net

see? He will find the observed matter is nothing
else but a piece of net in the space such as the neural net of brain partially shown in Figure 6.
This case implies also the necessity of mathematical combinatorics, i.e., catering for science in

a microcosmic level.

Notice that such a topological structure G* is inherited in a matter or its characterizing
by Definition 1.4 on Smarandache multispace, also alluded by the traditional Chinese medicine
which applies 12 meridians to heal a patient, characterizes the state of a human, i.e., an inherited
topological structure in a living body of human. However, the topological structure G defined
in Definition 1.4 has no direction on its edge, i.e., the actions of ¥; on ¥X; and ¥; on ¥; both
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are equal but the flows in the 12 meridians of a human body all have directions and generally,
all actions should have directions in the nature. Whence, we should generalized the topological
structure in Definition 1.4 from no to with directions on edges, constraint with the conservation

laws on all its vertices as flows in nature, which leads to the continuity flows.

Definition 5.2([28]) A continuity flow (8, L,A) s an oriented embedded graph 8 in a topo-
logical space .7 associated with a mapping L : v — L(v), (v,u) — L(v,u), 2 end-operators
Al L(v,u) — LAV (v,u) and A}, : L(u,v) — LAG (u,v) on a Banach space % over field F

A, L(v, u) At
@ :

v ]
Figure 7

with L(v,u) = —L(u,v) and A}, (—L(v,u)) = — LA (v,u) for V(v,u) € E (8) holding with
continuity equation
Z LA (v,u) = L(v) for YveV (8) ,
u€ENg(v)
where L(v) is the surplus flow on vertex v.

Particularly, if L(v) = &,, constants v,,v € V(@), the continuity flow (8;L,A) is

respectively said to be a complex flow, an action flow, and 8—ﬂow if A = 1y, where, &, =

dz,/dt, x, is a variable on vertex v and v is a vector in ¥ for Vv € E

For a given graph family ¥4 = {81, 827 e ,8,”}7 a Banach space #Z and a field %, we
denote by ¥z all continuity flows generated by € ¢ with Banach space 4, field .# and
abbreviate a continuity flow (8, L,A) to 8L in the context. Notice that a continuity flow
replaced the Banach space # and field .# by number field R with end-operators 1g on the
ends of edges in 8, then a continuity flow (8, L, A) is nothing else but the usual network N
discussed in graph theory, and the complex flow is the complex network discussed on complex
system in this case. Until today, the 8-ﬂ0ws and action flows are extensively studied in [22],
[26-28] and [30], and for characterizing the livings, the harmonic flow is introduced [24] by
replacing vectors v € Z on edges in 8 by complex vectors v — ¢v, which is an abstraction and
also, a generalization of the 12 meridians in traditional Chinese medicine.

There is a natural question on the continuity flow, i.e., why does it labels vertices and edges
by vectors, not as the usual numbers in continuity flow? Because the state of units of matters is
diversity and multiple directions evolving in the universe, we can characterize its evolution by
vectors in multi-dimensions, and why let vertices constraint with conservation laws? Because a
matter is only a kind form of energy which holds with the conservation law in nature. Whence,
the continuity flow (8, L, A) is essentially a generalization of Smarandache multi-space in the

microcosmic level combined with the energy flow’s character.

5.3. Mathematical Element. Certainly, a continuity flow (8, L, A) is a digraph embedded
in a topological space S by the view of combinatorics, i.e., a structure in space such as those
shown in Figure 6. We can research it on vertex, edges or a cluster of vertices, hold on its locally

characters as the usual in mathematics. However, is it really a mathematical element itself
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as the usual number, vector, matriz, --- with operations such as the addition, multiplication,

differential or integral? The answer is affirmative, i.e., it can be really viewed as a mathematical

element.

Clearly, the continuity flow (8, L, A) is a vector if there is only one vertex in 8, which

consists of the elements in linear algebra. Could we view a continuity flow as a vector and then

establish mathematics on continuity flows? The answer is yes with operations addition + and

multiplication - defined following.
drear = (@vd)'U(en
drav - (@) yEnd) " uEae),
O — 8,\./:’

where A € % and L : (v,u) — L(v,u) € B,L" : (v,u) — L'(v,u) € £ for Y(v,u) € E (8) or

E (C_ﬁ) such that

with substituting end-operator A : (v,u) — Al (v,u) + (A)], (v,u) or A: (v,u) — Af,(v,u)-
(A)F, (v,u) for (v,u) € E (8 ﬂG’) in GL +G" or ar.gr. Then, we can define the usual

VU

element in mathematics. For example, the sum and product

G;

7

@GP + a4yl 4o b, Gl = (

(088 (0:88) - () = (

and the polynomial

) a1Li+azLa+-+anLy

—:

=1

—:

a1Lyi-azLa--anLy
G,-)

=1

a0+ Gl +a,CF 4.+, GL" = Goota LtaslotaL”

with units O and I in (¥%; +), respectively and (¥; -) such that
0+GLl=CL+0=CF 1.GE=GE 1= C*

and inverse flows —8L , 8L71. We then get

Theorem 5.3([33-34]) Let ¢ be a graph family with Banach space B and field F .

(Yaz.+,.) is a linear space with operations (7) — (9).

Furthermore, we introduce metric on ¥ if 4 is a normed space following.

Then,
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Definition 5.4([26-27]) Let (#;+,-) be a normed space over field F with norm ||v||, v € B
and 8L € Y. The norm of G is defined by

lct|= > 1w,
(v,u)EE(@)

i.e., the norm || || is a mapping with || || : 9% — R*.
Then, we get the conclusion following.

Theorem 5.5([28]) Let ¥ be a graph family with Banach space % and field . Then, (9.+,.)

is a Banach space with operations (7) — (9).

An operator f : 81“ — 852 on Yy is G-isomorphic if it holds with conditions: (D) there is
an isomorphism ¢ : 81 — 82 of graph and @) Ly = fowolL, for V(v,u) € E (81) Particularly,
let ¢ =idg, such an operator is determined by equation Ly = foLy, which enables one to define
the function on continuity flows by f <8LM> = 81"(”’5]), get tlgltlo f (8””) =f (8§[t0]> if f

respect to L and L respect to t both are continuous and

ZLi QL e an
e Fme— et

L[t]
=TI+ — +

1! 2l n!

Furthermore, we generalize the differential and integral in calculus to ¥4 by

¢ _ (@[t +an) - 7 (GH10)
&t At Gy af- QL

—
if f is a G-isomorphic operator on ¥4 with f (G’L [t + At]) = f (BL[t}) if At — 0 and

/F(ZL[t]) at = j (@) +C it %(BLM) =7 (3").

and then, we know formulae on differential and integral operators, i.e.,

/ (3’; (5“[1&})) dt = f (E“[t]) +C, % (/ (f (En[t])) dt) =/ (E“[t])

and the solution

X[t] — efBLcldt X </ BLCU . e—f8L61dtdt+ C)
of ordinary differential equation

ax _

= = Gl X+ Ghal

in Y% as the usual in calculus. Furthermore, we introduce linear functionals on ¥% and extend
the fundamental results in functionals. For example, the Fréchet and Riesz representation

theorem on linear continuous functionals following.
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Theorem 5.6([22],[26],[30]) Let T : C7 = C be a linear continuous functional, where ¥
is a Hilbert space. Then there is a unique 8L € 87/ such that T (8L) = <8L,8L> for

VGLed”.

And then, could we establish a dynamics on continuity flows? This question was asked for
establishing the graph dynamics in [13] and the answer is affirmative. For example, we know a

result on dynamics of continuity flows following.

Theorem 5.7([30]) If L(t,x(t), %(t))(v, u) is a Lagrangian on edge (v,u) and £ [L(t,x(t),%(t))] :
(v,u) = ZL[L(t,x(t),x(t))(v,u)] is a differentiable functional on a continuity flow GL[t] for
(v,u) e E (8) with [£,A] =0 for A € &, then

Z Z
0G4 oG” _

8xi _% a.%'l o ’

Particularly, if the Lagrangian & [8L[t]] of a continuity flow 8L[t] is independent on

(v,u), we know a conclusion on the Euler-Lagrange equations of continuity flows following.
Corollary 5.8(Euler-Lagrange) If the Lagrangian £ [8L[t}] of a continuity flow 8L[t] is in-
dependent on (v, u), i.e., all Lagrangians L(t,x(t),%(t))(v,u), (v,u) € E (8) are synchronized,
then the dynamic behavior of 8L[t] can be characterized by n equations

oL d oL _

1<1<n,

_>
which are essentially equivalent to the Fuler-Lagrange equations of bouquet ﬁf € By g, te

dynamic equations on a particle P.

All of the above-mentioned works shows that a continuity flow is really a mathematical
element, likewise elements in classical mathematics, which can be applied to characterize and
holds with the reality of matters in natural manner of philosophy. For example, [25], [33] on
the structure of elementary particles. For more results on continuity flows with applications to

reality of matters in the universe, the reader is refereed to references [22]-[35].

86. Conclusion

Holding on the reality of matters is an eternal topic of humans, not only beautiful in its
mathematical forms but the reality [35], which also provides us an endless resource of thought
for scientific research and then, approximating the reality of matters in the universe. Although
it is limited of a human life and this work will never go to the end for humans. Consequently,
we need to extend our knowing constantly on matters in the universe because this process is
step by step, an infinite process by the understanding paradigm (6) of humans. Then, what we

are surveyed in this paper? We introduce Smarandachely denied axiom on space or systems for
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the understanding matters because they are not homogenous or equal in the eyes of humans,

show its a generalized form equalizing to Smarandache multispace which is an appropriately

understanding of matters by philosophy and then, explain how to extend classical mathematics

to mathematical combinatorics by CC conjecture. All of the discussions firmly convince one

that Smarandachely denied axiom is an important axiom or notion for extending today’s science

which will further pushes humans to know the truth of matters in the universe, i.e., the reality.
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81. Introduction

In order to understand what’s going on around us, we need to work on the surfaces. Therefore,
it is important to have an idea about how to construct the surfaces. Considering the structural
advantage of ruled surfaces and the ease of constructing their geometries, ruled surfaces are one
of the most attractive surfaces to work on. The ruled surface is a special type of surface which
is generated by the motion of a straight line (ruling) along a curve.

After these surfaces were found and investigated by Gaspard Mongea, Ravani and Ku
studied ruled surface and examined some properties of them in 1991. Some of the studies have
been done by Aydemir and Kasap in 2005, Sarioglugil and Tutar in 2007, Ali et. al. in 2013,
Senturk and Yuce in 2015, Unluturk et. al., in 2016, Dede et al. in 2017, Kaymanli in 2020
and Gozutok et al., in 2020 in Euclidean space [1], [4], [5], [7], [9], [12]-[14], [17] while Turgut
and Hacisalihoglu in 1998, Kimm and Yoon in 2004, Tosun and Gungor in 2005, Orbay and
Aydemir in 2019 and in 2010, Kaymanli et. al., in 2020 in Minkowski space [2], [8], [10], [11],
[15], [16].

In this work, we study new families of ruled surfaces generated by q- frame vectors called
quasi vectors in 3-dimensional Euclidean space. First, the characterizations of these ruled sur-

faces such as first and second fundamental forms, Gaussian and mean curvatures are given.

1Received June 3, 2021, Accepted August 28, 2021.
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After we work on the ruled surfaces generated by the general vector field and give the same
caharacterizations for these surfaces whose director is general vector field, we investigate some
geometric properties such as developability, minimality, striction curve, and distribution pa-
rameter. Lastly, we visualize the surfaces whose directors are tangent, g-normal, g-binormal

and general vector field by taking two different curves.
82. Preliminaries

In this section, we give some background information about Frenet frame and how to construct
g-frame. Let a(s) be a space curve with a non-vanishing second derivative. The Frenet frame

is written as , , "
« o N«

t: =
lle’]” llo’ Aa||”

n=DbAt.

The curvature x and the torsion 7 are given by

la/ A || det(a/, ", o)
T =

[ la” A ||

The well-known Frenet formulas are given by

t’ 0 k 0 t
n’ =v| -k 0 T n (1)
b’ 0 -7 0 b

where v = [|&/(s)]| -

Besides Frenet frame, we use another frame called g-frame consists of unit tangent vector

t, the g-normal n, and the g-binormal vector b, along a space curve «(t).

Figure 1 The g-frame and Frenet frame
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The g-frame {t,n,, by, k} is defined by

o t Ak
t = = b, =tA 2
o™ T ek P @)

shown in Figure 1, where k is the projection vector [3].

Without loss of generality, we chose the projection vector k = (0,0,1) in this study. How-
ever, the g-frame is singular in all cases where t and k are parallel. Thus, in those cases where

t and k are parallel the projection vector k can be chosen as k = (0,1,0) or k = (1,0,0).

In order to define a relation between g-frame and Frenet frame, we pick Euclidean angle
6 between the principal normal n and g-normal n, vectors. Then the relation matrix may be

expressed as

t 1 0 0 t
ng | =] 0 cosf sinf n (3)
b, 0 —sinf cosf b
or
t 1 0 0 t
n|=|0 cos® —sind n, |- (4)

=2

b 0 sinf cosf

)

Let «(s) be a curve that is parameterized by arc length s. Differentiating (3) with respect
to s, then substituting (4) into the results gives the variation equations of the g-frame in the

following form

t’ 0 ki ko t
n, | =| -k 0 k3 n, | (5)
b}, —ko —ks O b,
where the g-curvatures are
ki = (t,ng)
k2 = <tly bq> (6)
k‘3 = <nf1, bq> .

The parametric equation of ruled surface ¢(s,v) is given as

p(s,0) = als) + vX(s), (7)

where a(s) is a curve and X (s) is a generator vector. The distribution parameter of the ruled
surface is identified by (see [6], [14])

_ det(as, X, Xy)

Px =% %) ®)

The striction point on the ruled surface is the foot of the common perpendicular line
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successive rulings on the main ruling. It is given as
T X (s) (9)

Let M be a regular surface given with the parameterization o(s,v) in E3. The tangent
space of M at an arbitrary point is spanned by the vectors s and ¢,. The coefficients of the

first fundamental form of M are defined as

E= <S08a§05>7F = <308790v>aG = <§0v7§0v>a (10)

where (, ) is the Euclidean inner product. Then the unit normal vector field of M is defined as

_ Ps N\ Po - (11)
s A ol

The coefficients of the second fundamental form of M are defined as

e=(goss,N>,f=((psv,N),g=<<,0w,N>. (12)

The Gaussian curvature and the mean curvature of M are given by

2
K i a2
and o Bg+Ge—2Ff ”
2(EG — F2)
respectively.

Theorem 2.1([12]) The ruled surface is developable if and only if Px =0 .

Theorem 2.2 The ruled surface is minimal if and only if H = 0.

83. Ruled Surfaces Generated by g-Frame Vectors

The ruled surfaces generated by g-frame vectors ¢, nq, b, are given as

¢'(s,v) = als) +vi(s),
¢hi(s,u) = a(s) +ung(s),
¢h1(s,2) = als) + zby(s),

respectively. The ruled surface generated by general vector filed X is written as

&~ (s,w) = a(s) + wX(s) (15)
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where X (s) = z1(s)t + x2(s)ng + x3(s)b,.

Theorem 3.1 The distribution parameters of surfaces ¢, ¢™ and ¢ are

ks ks
= and Py = ———,
K+ k3 Tk 4 k3

Pt:07 P’n.q

respectively.

Theorem 3.2 The striction curves on the ruled surfaces ¢, ¢™ and ¢®s are given by

kq

k3 + k3

ka

—= b
k3 + k3

Bi(s) = als), Bn,(s) = als) + ng and By, (s) = a(s) + @

respectively.

Theorem 3.3 The distribution parameter and striction curve of ¢ are calculated as

—x3(kixy + o — ksxs) + zo(k121 + ko + )

Py = - : )
(2] — k1wa — kows)” + (k11 + 2 — ksws)” + (kex1 + ksze + 2%)
Bx(s) = af(s)— (21 — kizo — kaxs) (21t + 2ang + T3bg)
(@) = k1wg — kaws)” + (vay + ah — kws)” + (kw1 + kawo + a5)°
respectively.

Proof Taking derivative of a(s) and X (s) with respect to s, we can easily find o/(s) =t
and

X/ (S) = (.’Ell — .’Ele — £C3]€2) t —+ ([L’lkl =+ 1'/2 — .’Egkg) Ilq —+ ((Elkg + ZL’ng =+ .’Eé) bq7

respectively. With the help of the obtained equation and equations (8) and (9), an algebraic
calculus gives us desired results. 0

Theorem 3.4 The Gaussian curvatures of surfaces ¢t,¢™ and ¢* are

—k%

Ki=0 K, =0 and Ky — 7
=00 Ky =0 and Koy = 0o 1 )2

respectively.

Theorem 3.5 The mean curvatures of surfaces ¢*,¢" and ¢® are

H, — —kg . kQ(]. — Zklu + (k% + k%)'u?)
ou/RErR2 T 2kl + (1— kyu)2)32

and
—ky

© 7 (k222 + (kaz — 1)2)’

o,
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respectively.

Theorem 3.6 The Gaussian and mean curvatures of ¢~ are

Hx = 2W\/(Bx3—0x2)2+(0;1—Ax3)2+(Ax2—B3c1)2 [(Bxs — Cx2) (A" — Bky — Ckz)
+(Cay — Awy) (Aky + B’ — Chs) + (Azs — Bay) (Aks — Bhy + C'))
2 (AB%sy25 (A/B) + ASz12y (C/A) + AC%23 (B/C) + Bdeyws (A/B))
12 (BA2%23 (C/A) + BC?r124 (B/C) + OB (A/B) + CAryu5 (C/A)
Py (B/C))]
oo L[ BB 40l (C/A) +:C(B/C)
\/(Bs — Caz)? + (Cary — Ay)* + (Axy — Buy)?

w

where A = w () — kixe — kaxs) + 1, B = w(kixy + 24 — ksxz), C = w (kawy + ksza + %),
dy
W = A%+ B2+ (C?% — A%2? + B?2% + 2ABx 7o + C2:r§ +2ACz1x3+2BCasx3, YV = To and
w
dYy
v =22
ds
Proof First and second partial derivatives of the surface given in (15) with respect to s

and w are expressed as

¢X = At+ Bn,+ Cb,
¢ = a1t + z9my + 23by
and
X = (A= Bk —Chky)t + (Aky + B’ — Cks)n, + (Aky — Bks + C') b,
X, = At+Bn,+Cb,
ww = 0,

respectively. The coefficients of the first and second fundamental forms are calculated by
E=A?2+B?>+(C? F=Ax,+ Bxy+Czx3, G=1 and

¢ = ! (Bas — Cra) (A’ — By — Chy)

\/(31‘3 — 01‘2)2 + (C.Ifl — A$3)2 + (AZ‘Q - B$1)2
+ (Cl‘l — A.’L‘3) (Ak'l + B’ — Ck?g) + (AQ’JQ - B.T?l) (Ak‘g — Bks + C/)}

2382 (5) +2:4% (5) +2C% (2)
\/(B.’Eg - C$2)2 + (CiCl - Al’g)z + (Ail'z - Bx1)2
g = 0

respectively. Using equations (13) and (14), the Gaussian and mean curvatures of ¢~ are

presented easily. This completes the proof. 0
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Corollary 3.7 The ruled surface ¢' is developable and the ruled surfaces ¢™a and ¢’ are
developable if and only if ks = 0.

Corollary 3.8 The ruled surface ¢* is minimal if and only if ks = 0, the ruled surface ¢ is

minimal if and only if k1 = 0 and the ruled surface ¢™ is minimal if and only if either ko =0
k1 (144/1—k2)

or u = W

Corollary 3.9 There is a relation between Ky, Hy, and Py, as follows
Ky, 2k3

Hbq o kl(k§2’2 + (]. - kQZ)

and
Ky, —ka(k3 + k3)

Py, (k3224 (1 — ke2)?)?

84. Examples

Figure 2 The curve a(s) = (s, 52, s%)

Example 4.1 Consider the curve, shown in Figure 2,

a(s) = (s, 8%, 5%)
with g-vectors and curvatures

1

t o= (1,25,35?)
\/141—4524-954
ng = ————(25,~1,0)

V14 4s2

1
b, = 352,653, —/1 + 452
! \/1+482+984\/1+4S2( )
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and

2
kh = —
! (1 + 452 +9s%)V1 + 452
b - 6s(1 + 2s?)
LT (14452 + 954)3/2(/1 1 4s2
65>
k —
3 (1+ 452 + 95%)(1 + 4s2)
respectively.

200+

Figure 3 ¢!(s,v) (left top), ¢;*(s,u) (right top), (Z)?q(s,z) (left bottom)
and @75 (s, w) for x1(s) =2, wa(s) =3, w3(s) =5 (right bottom)

The ruled surfaces generated by q-frame vectors t,ng,b, and X shown in Figure 3, are
given as

di(s,v) = (s,8%,8%) +w (1, 2s, 352) ,

1
\/1—|1—452 + 954
. (25,-1,0),
\/1+4s2( )

¢ (s,u) = (s,5%,5%) +u
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by 2 .3 1 2 f3
s$,2) = (s,8%,8°)+ 2z 3s%,6s°, —V/1 + 4s2) ,
01 (5:2) ( ) V1 + 452 4 957/1 + 452 ( )
and )
X(s,w) = (s,5%,8° +w(x 8)(——x—— (1, 25,352
) = (0 0 (10 G (02030
+22(8)(——= (25, —1,0
+x3(s 352,653, —/1 + 452 ),
Al s e Y ( )
respectively.

Example 4.2 Consider the curve, shown in the Figure 4,

as) = (Esini —Ecosi i)
S 1377137 137137169

with g-vectors and curvatures

5 5
" _ COSs ) sin ’
(m Cvae \/%>
ng = (singg,—cos%,0)
)
_ —— cos =, S 73, — 7=
and :
ki = D)
k2 = O
1
ks = 9
respectively.
0.03
0.02
0.014
015 01 g5 005 p1
4 -1 015
-0{01-
-0.0 N
-0.03

Figure 4 The curve a(s) = (&
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The ruled surfaces generated by g-frame vectors t,ng, b; and X shown in Figure 5

Figure 5 o}(s,v) (left top), ¢5°(s,u) (right top), ¢3¢ (s, z) (left bottom)
and ¢35 (s, w) for x1(s) =2, xa(s) = 3, x3(s) =5 (right bottom)

are given respectively by

. 5 5 1
ol (s,u) = (%sinf—g,f%cosf—g,%)+u(sinl—%,fcosf—3,0),
bg — 5 oin S 5 s s 1 s 1 D o
#5'(s,2) = (g3sinq3, —13COS 13, 769) T+ 2 TGCOS§,\/%SIDE, 755 )
and
X 5 &in S 5 s s 5 s 5 s 1
®5 (s,w) = (g3sinqy, —73 08 {3, 109) T W | 1(s) —260051—3,—2681nﬁ,—2

6
o \ 1 L1 5
+x2(s) (sin &, — cos 15,0) + x3(s) —275(:os§,\/%smﬁ,——26 .
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For x1(s) = 2, x2(s) = 3, z3(s) = 5, the Gaussian curvature, mean curvature, distribution

parameter and striction curve of the surface ¢35 (s,w), generated by X are calculated as

K o 7056
X T T (68 + 1140w + 8721w?)?’
g V/1228(1228 + 26220w + 200583w?)
X 4./884 + 14820w + 113373w2(68 + 1140w + 8721w?)’
56
P = -2
X 153
125 | s 25v/26 s 125 s 25V26 . s s 11526
Bx(s) = | —=sin— — COS —, ——— COS — — sin —, — + ,
663 13 663 13° 663 13 663 137 169 1989
respectively.
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Abstract: In this paper, we provide an alternative simple proof to Sears’s 32 transforma-

tion formula using Gauss summation formula.
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81. Introduction

For any complex number a and for any ¢ with |¢| < 1, (a;¢)c or simply (a)s is defined as

follows: .

(@)oo = (a59)00 = [J (1 = ag™).

n=0

For any integer n, we define (a;q),, or simply (a), as

(@)n = ) (1.1)

provided the denominator is well defined. For any two integers m and n, the following holds

good
(a)n(aq™)m = (a)m(ag™)n. (1.2)

The basic hypergeometric series 51195 is defined by

o0
a1, a2, - 0541 | (a1),, (a2), - - (ast1), n
s+1Ps YR = E () (b
n=0

z )
b17b2"“ 7bs 1)77, (b2)n.(b5)n

where a1, a2, -, @s41,b1,b2,- -+ ,bs are any complex numbers, except that (b;), #0,1 < j <

$,0 <n < oco. This series converges for all z with |z| < 1.

In his paper [3], D. B. Sears deduced the following 3¢9 transformation formula

(@), (0), () (e " 0)a (5) o (36) e o= (5). (5
;0 (d),, (e),, (), (b) (@D (0 (i) o 2::0 (%), (5),, (@),

1Received June 19, 2021, Accepted August 28, 2021.
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%‘ < 1,15 < 1, and |g| < 1. Sears deduced the above transformation by letting one

where,
of the parameters in his 4¢3 transformation to infinity. This identity has been widely in areas
of special functions and number theory. See for instance [1] and [2]. In this paper, we give a
simple proof to (1.3) using g-analogous of Gauss summation formula. This proof seems to be
new in the literature. We close this section by recalling the g-analogous of Gauss summation
formula and prove (1.3) in Section 2 following.

i (@), (B) (g)m _ @) () Sl (1.4)

() (@), Nab (oo (F)oe @b

c
m=0 ab

§2. Proof of (1.3)

From (1.4), it follows that

(A B)y = (2),(5), (AB\" AB
<C>w(%)m_,§ (©), (@), ( ) ’ ’c <l

Taking A = dq™, B = eq™ and C = del‘fm in the above, we obtain

(dg™)o (6™ = (), (5)

(bg™)" . (2.1)

Using (1.1), we can write

= (a 0. [ de\™ w0 (a),, (c),, (%8 AT () (o™
ZM@) N ( )w(d> (d4™) o (™)

Using (2.1) in the above, we obtain

i (@), (0) , () <d6 )m ONCIN i (@), (V) (de >mi (5), (8)., (bg™)"

@ (@ Nabe) (D (e 2 @ (F), \obe) S (g), (22)
Interchanging the order of summation in the above and using (1.2), we obtain

5 OOl ()" O (D2 Dl 5= (00 ()"

D @@ \abe) DO 200 (%), 2w, () \ e

Now applying (1.4) to the inner series on the right hand side, we obtain

yICIUHC A EEUNG S N () ().

(d), (€)y, (@), \@be
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Notice that the equation (1.3) follows directly from the above on using (1.1). This completes
the proof. O
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§1. Introduction

In [6] we define product of Randi¢ and sum-connectivity energy of a simple graph G as follows:

Let a and b be two nonnegative real number with a # 0. The product of Randi¢ and

sum-connectivity adjacency matrix of G is the n x n matrix Ap,s = (a;;) where

0, ifi = 7,
1
4= if the verticesv; and v; are adjacent,
(/A
\/ a(di+d;)b(did;)

0, if the vertices v; and v; are not adjacent.

The eigenvalues of the graph G are the eigenvalues of A,,;. Since A,,; is real and sym-

metric, its eigenvalues are real numbers which are denoted by A1, Ao, Az, -+, A\, where
A2 A > A3 2> 2> A

Then the product of Randi¢ and sum-connectivity energy of G is defined as

Eprs(G) = | il
i=1

IReceived August 5, 2021, Accepted August 30, 2021.
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In 2004, D. Vukicevi¢ and Gutman [5] defined the Laplacian matrix of the graph G, denoted
by L = (L;;), as a square matrix of order n whose elements are defined by

&, if i=j
Lij =4 -1, if i #j and the vertices v;,v; are adjacent,
0, if i # j and the vertices v;,v; are not adjacent,
where J; is the degree of vertex v;. The eigenvalues pq, pia, -+ , ftn, of L, where pg > pg > -+ >

iy are called the Laplacian eigenvalues of G. In 2006, Gutman and B. Zhou [2] have defined
the Laplacian energy of LE(G) of G as

where m is number of edges and n is number of vertices of G.

Motivated by these works, we introduce the Laplacian of product of Randi¢ and sum-
connectivity energy of a simple graph G as follows. Let a and b be two nonnegative real number
with a # 0. The Laplacian of product of Randi¢ and sum-connectivity adjacency matrix of G
is the n x n matrix A;p,s = (a;;) where

5i7 ifi = j7
a;j = %, if the vertices v; and v; are adjacent,
\/ at@;+d;)0(d;4;)
0, if the vertices v; and v; are not adjacent.
where §; is the degree of vertex v;. Where py > ps > -+ > p, are called the eigenvalues of

Aiprs. Then Laplacian of product of Randi¢ and sum-connectivity energy of G is

n

Eiprs(G) =)

=1

2m

M — —
n

3

where m is number of edges and n is number of vertices of G.

82. Laplacian of Product of Randi¢ and Sum-Connectivity Energies of

Some Families of Graphs

We begin with some basic definitions and notations.

Definition 2.1([3]) A graph G is said to be complete if every pair of its distinct vertices are
adjacent. A complete graph on n vertices is denoted by K,,.

Definition 2.2([1]) The Crown graph SO for an integer n > 3 is the graph with vertex set

{ur,ug, -+ Up,v1,v2, -+ v, } and edge set {uv;;1 <i,j <mn,i#j}. SY is therefore equivalent
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to the complete bipartite graph K, ,, from which the edges of perfect matching have been removed.

Definition 2.3([3]) A bigraph or bipartite graph G is a graph whose vertex set V(G) can be
partitioned into two subsets Vi and Va such that every line of G joins Vi with Va. (V1,Va) is a
bipartition of G. If G contains every line joining V1 and Va, then G is a complete bigraph. If

Vi and Vo have m and n points, we write G = K, ,,. A star is a complete bigraph K .

Definition 2.4([4]) The conjunction (S APz) of Sy = K.+ K1 and Py is the graph having the
vertex set V(Sm) X V(Ps) and edge set {(v;, v;)(vg, v)|vivg € E(Sp) and vju, € E(P2) and 1 <
ik<m+1,1<j,1<2).

Now we compute Laplacian of product of Randi¢ and sum-connectivity energies of complete

graph, star graph, complete bipartite graph, the Crown graph, the (S,, A Py) graph.

Theorem 2.5 Let a and b be as defined above. Then the Laplacian of product of Randi¢ and

1
2abn *

sum-connectivity energy of the complete bipartite graph K, ,, is 2

Proof Let the vertex set of the complete bipartite graph be V (K, ,,) = {u1, u2, - , Un, v1, v2,
- ,Up}. Then, the Laplacian of product of Randi¢ and sum-connectivity matrix of complete

SRV ar ==y o
T

0

bipartite graph is given by

1
n T 0 \/ a(n+n)b(n?)
1
Apprs = ! o " \ amrnyem?)
prs — I I
\/ a(ntn)b(n2) \/ a(n+n)b(n?) n

Its characteristic polynomial is

A=ml =\
1
_ /7b(n2)a(n+n) J (A=n)I,

where J is an n X n matrix with all the entries are equal to 1. Hence, the characteristic equation

1 T
‘ Al “\ a(n+n)b(n?) J —0
1 9
“\ a(n+n)b(n?) J AI”

where A = X\ — n and which can be written as

(O S o IELN (Y SN S = |
AL, ( a(n+n)b(n2)J> A ( a(n+n)b(n2)J >| 0

M — Apprs| =

is given by

|AL|
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By simplification, we obtain

An—n

((a(n 4 n)b(n2))" ’a(n +n)b(n?)A%I, — JJT| = 0,
which can be written as
(a(n + n)b(nQ))nPJJT (a(n+n)b(n”))A") = O,

where Pjyr(A) is the characteristic polynomial of the matrix ,,J,,. Thus, we have

ATL—TL

(aln 3 2y (@ +mbD)A% = %) (aln +n)b(n?) A% =0,

which is the same as
An+n—2 (A2 _

Therefore, the spectrum of K, ,, is given by
n n+ 4/ S A e S
Spec (Kn,n) _ 2abn 2abn )
n+n-—2 1 1

Hence, the Laplacian of product of Randi¢ and sum-connectivity energy of the complete bipar-
tite graph is

i 2m
Elprs(Kn,n) = Z Hi — 7 )
i=1
and
Fupra (K n) = 24/ —
lprs nn) — 2abn.
as desired. O

Theorem 2.6 Let a and b be as defined above. Then the Laplacian of product of Randi¢ and
sum-connectivity enerqgy of the S, is

(n—2)?

Elprs (Sn) = n

_|_

n?—2(n—1) \/an3b —4(anb(n — 1) — 1)
_|_
2nab

+

n?—2(n—1) B \/an3b —4(anb(n — 1) — 1)

n 2nab

Proof Let the vertex set of star graph be given by V(S,) = {v1,v2, -+ ,v,}. Then the
Laplacian of product of Randi¢ and sum-connectivity matrix of the star graph .S, is given by
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1 1 1 1
n—1 \/anb(nfl) \/anb(nfl) e \/anb(nfl) \/anb(nfl)
1
anb(n—1) 1 0 e 0 0
: 0 1 e 0 0
anb(n—1
Alprs = ( )
1
anb(n—1) 0 0 1 0
1
anb(n—1) 0 0 0 1

Hence, its characteristic polynomial is given by

1 1 1
A— (TL - 1) 7\/anb(n—1) 7\/anb(n—1) e 7\/%
1
- nb(n—1) A-l 0 o 0

A= Aprs| = | =/ a0 0 A—1 0
-/ =2 0 0 A—1
anb(n—1)

S R | -1 -1

1 u 0 0 0

( 1 ) -1 0 pu -~ 0 0
anb(n — 1) : : Do C
-1 0 0 0

1 0 0 0 4

where p= (A —1)y/anb(n —1) and v = (A — (n — 1))/anb(n — 1). Then,

1 n
A — Apprs| = dn (1) < a(n)b(nl)) ,

where
v -1 -1 -1 -1
-1 u 0 0 0
-1 0 " 0 0
(bn(,u') =
-1 0 0 0 7

Applying the properties of determinant, we obtain after some simplifications ¢, () =
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(udn—1(p) — ™~ 2) and iterating this formula, we obtain

Pn(p) = p" 2 (uy — (n— 1))

Therefore,

AL = Ayr] = ( m(?il)) ((anb(n — )X = A= (0~ 1)

(= 1) (- 1) nbéw] .

Thus, the characteristic equation is given by
n—2 1
(A=1) A=1)A=(n-1)——) =0.

We know that

1 n+ \/an3b74(anb(n71)71) n— \/an3b74(anb(n71)fl)

2nab 2nab
n—2 1 1

Spec (Sp) =

Hence, the Laplacian of product of Randi¢ and sum-connectivity energy of .S,, is

(n—2)2 |n?-2(n-1) \/an3b —4(anb(n —1) — 1)
E =
lprs(sn) n + * 2nab
n? —2(n—1) \/an?’b —4(anb(n — 1) — 1)
+ - .
n 2nab
This completes the proof. O

Theorem 2.7 Let a and b be as defined above. Then the Laplacian of product of Randi¢ and

sum-connectivity enerqgy of K, is 2, /m .

Proof Let the vertex set of Complete graph be given by V(K,,) = {v1,v2,-+- ,v,}. Then
the Laplacian of product of Randi¢ and sum-connectivity energy of matrix of the complete

graph K, is given by

1
n—1 \/ a2b(n—1)3

n—1

\ T
\ T

\/azb(iq)ﬁﬁ \/a2b(71—1)3 n—1
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Hence, its characteristic polynomial is given by

A=(n=1)  —\/emmTm
—amoogr A—(n—1)
A — Apprs| = s ,

1 1
T\ a2b(n—1)3 " \/ a2b(n—1)3

1
"\ a2b(n-1)3
1
a2b(n—1)3

A—(n-1)
po—1 -1 1 -1
1 4 -1 1 -1
1 [ S R -1 -1
o a2b(n —1)3 : : :
1 -1 -1 u -1
1 -1 -1 1 u
where,
p=N—(n—1)va2(n—1)(n—1)2b.
Then N
1
M—-A rs| — Pn o1/ a\3
‘ lp ‘ ¢ (M)( a2b(n—1)3>
with
p -1 -1 |
1 o -1 -1 -1
1 -1 p 1 1
bn(p) =
1 -1 -1 - pu -1
1 -1 -1 -+ -1 op
po -1 -1 -1 -1
1 u -1 ~1 ~1
1 -1 p |
1 -1 -1 - -1
0 0 0 - —l—p p+l
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poo—1 -1 -1 -1 poo—1 -1 1 -1
1 op -1 e -1 S T |
R T | S R R |

R | S ER RS
P | P |
1 -1 -1 -1 -1 1 -1 -1 1 p
and
() = —(+D" '+ (p+ 1) [(p+1D)" 2 (u—(n—2))]

= ~(+D)" T+ (p+ )" e - (- 2)).
Iterating this formula, we obtain
Gn(u) = p" 72 (0 = (n = 1)),

thus the characteristic equation is given by

a2b(n — 1

( 11P> i+ 1" — (n— 1)) = 0,

Hence, the Laplacian of product of Randi¢ and sum-connectivity energy of K, is

1
e, Eiprs(Kn) = 24— 0
s bes Biprs(Kn) a2b(n —1)

Theorem 2.8 Let the vertex set V(SY) of the crown graph be given by V(S2) = {u1,uz, -+ , Uy,

v1,V2, -+ ,Un}t. Then, the Laplacian of product of Randié and sum-connectivity energy of the
crown graph is 4, /m.

Proof The Laplacian of product of Randi¢ and sum-connectivity energy matrix of crown

n

Elprs (Kn) - Z

i=1

My — —
n

graph is given by

n—1 0 0 0 a «

0 n—1 0 « 0 «

0 0 e o n—1 « « 0
Alprs: )

0 o « n—1 0 0

« 0 « 0 n—1 0
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where a = m. Its characteristic polynomial is

A=(n—-1)I, mKT

M — Ajprs| =
K  (A—(n-11I,

1
ab(2(n—1)3)

where K is an n X n matrix. Hence the characteristic equation is given by

1 T
—/ ab(2(n—1)3)K _0

AL,
1 - )
\/ TGRSV RAY AL

where A = (A — (n — 1)). This is the same as

1 I, 1 A\
Al = ( ab(2(n 1)3)K) A ( SO ) | =0

which can be written as

|AL|

1 " o
(=) P izt =170 =0

where Py g7 (y) is the characteristic polynomial of the matrix KK T, Thus we have

17)71@ n—1PNA2 — (n — D21ab(2(n — 1)3)A2 — 1171 —
(ab(2(n— 1)3)) [ab(2( 1)?)A" —( 1)%][ab(2( 1)%)A? — 1] 0,

which is the same as
1 1 n—1
A2 _ A2 _ I = O
( 2ab(n — 1)) ( a2b(n — 1)3)

Therefore
speeqsty_ (8 08 8
1 1 n—-1 n-—-1
where, 8 = Wihl)—i—(n—l). Hence, the Laplacian of product of Randi¢ and sum-connectivity
energy of crown graph is
1
Epprs(S0) =4, | ————. O
tprs (Sn) a2b(n — 1)

Theorem 2.9 Let a and b be as defined above. Then the Laplacian of product of Randié¢ and
sum-connectivity energy of (Spm A Pa) is

(2n —4)(n —2)

+ 2

n?—2(n—1) \/an?’b —4(anb(n —1) — 1)
J’_
n 2nab

+ 2

2nab

n?—2(n—1) _ \/an3b —4(anb(n —1) — 1) .
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Proof Let the vertex set of (S, A P3) graph be given by V (S, A Ps) = {v1,v2, -+, Vamt2}-
Then the Laplacian of product of Randié¢ and sum-connectivity matrix of (S,, A Py) graph is
given by

n—1 0 0 w w
0 1 0 w 0 0
A 0 0 1 w 0 0
l - )
e w w n—1 0 0
w 0 0 0 1 0
w 0 0 0 1
2nxX2n

1

where, m+1=n and w = =T Its characteristic polynomial is given by

A—(n-1) 0 0 0 —w e W
0 A—1 0 —w 0 0
0 0 - A—1 —y/=b g ...
|)\I*Alprs| _ an
0 —w o —w A—(n-1) 0 0
—w 0 0 0 A—1 0
—w 0 0 0 0 A—1
2nXx2n

w 0 0 0 -1 -1
0 A 0 -1 0 0
(@)™ 0 O A -1 0 0 o
0 -1 1w 0 0 ’
-1 0 0 0 A 0
-1 0 0 0 0 A
2nxX2n
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Let
0 0 0 0 -1 -1 ~1
0 A 0 0 -1 0 0 0
0 0 A 0 -1 0 0 0
Pan(A) = o 0 o0 -~ A -1 0 0 - 0
0 -1 -1 -1 v 0 0 0
1 0 o0 0 0 A 0 0
-1 0 o0 0 0 0 0 A
2nxX2n

0 0 0 0 -1 -1 —1

0 A 0 0 -1 0 0 0

0 0 A 0 -1 0 0 0

= (=)Ao 0 0 -+ A -1 0 0 - 0

0 -1 -1 -1 v 0 0 0

1 0 o0 0 0 A 0 0

-1 0 o0 0O 0 0 0 A

(2n—1)x(2n—1)

0 0 0 0 0 -1 1 -1

A 0 O 0 -1 0 0 0

0 A 0 0 -1 0 0 0

+(-D**21 090 0o 0 .- A -1 0 -~ 0 0

-1 -1 -1 -+ =1 v 0 -+ 0 0

o 0 0 -~ 0 0 A -~ 0 0

0 0 0 0 0 0 A 0O

(2n—1)x(2n—1)

and let
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Wop1(A) = (=1)*"*2
0 0 0 0 0 -1 —1
A 0 0 0 -1 0 0
0 A 0 0 -1 0 0
x| 0 0 0 A -1 0 0
-1 -1 -1 -1 0 0
0 0 0 0 0 A 0
0 0 0 0 0 0 A

Applying the properties of determinant, we obtain
Uy, 1(A) = —A"20,,(A),

after some simplifications, where

A 0 0 -1
0 A 0 -1
O.(A)=| 0 0 A -1
-1 -1 -1 5

nxn

Then,
¢2n(A) = _An72®n(A) + A¢2n71(A)~

Now, proceeding as the above we obtain
pan—1(A) = (=1)E D2y, ,(A)

+(_1)(2n—1)+(2n—1)A¢2n_2(A)
—A"720,(A) + Aan—2(A)

and continuously like this, we obtain
Pon(A) = —(n — DA 20, (A) + A"Ve, 11 (A)

at the (n — 1)** step, where

(2n—1)x(2n—1)
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~ 0 0 0
0 A O -1
GiM)=|0 0 A 1
0 -1 -1 A
(n+1)x(n+1)
Pan(A) —(n—1)A"20,(A) + A" 170, (A)

= —(n—1)A""20,(A) + A" 110, (A)
= (A" Yy = (n = 1A"2)0,(A).

Applying the properties of determinants, we obtain
On(A) = A"y — (n— 1)A" 2.

Therefore

$2n(A) = (A" 1y — (n — DA%

Hence, characteristic equation becomes

1 2n
( cmb(n—l)) ¢2n(A):O7

which is the same as

( o )> R S )

anb(n —1
which can be reduced to
(A= 1)2"74((nab(n - DA -1DA=(n—-1))—(n— 1))2 =0.

Therefore,

1 \/an3b74(anb(n71)71) o \/an3b74(anb(n71)71)
Spec ((Sm A Py)) = nt 2nab n Fnab _

2n —4 2 2

Hence, the Laplacian of product of Randi¢ and sum-connectivity energy of (S, A Py) graph is

n

EZPTS((Sm A PQ)) = Z

i=1

2m

My — —
n
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Whence,
20— 4)(n — 2 2 _9(n—1 3b — 4(anb(n — 1) — 1
Bire(Sm A By)) = Cn=dn=2) o fn7 =20 >+\/an (anb(n— 1) = 1)
n 2nab
n? —2(n—1) \/an?’b —4(anb(n — 1) — 1)
+2 _ .
n 2nab

This completes the proof. .
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Abstract: In this paper we introduce the concept of skew-sum eccentricity energy of
directed graphs. We obtain upper and lower bounds for skew-sum eccentricity energy of
digraphs. Then we compute the skew-sum eccentricity energy of some graphs such as star
digraph, complete bipartite digraph, the (S, A P2) digraph, (n,2n —3) strong vertex graceful
digraph and a crown digraph.
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§1. Introduction

In 2018, B. Sharada and Mohammad Issa Ahmed Sowaity [5] introduced the sum eccentricity
energy of a simple graph G as follows. The sum eccentricity adjacency matrix of G is the n xn

matrix (a;;), where

e(v;) +e(v;), if the verticesv; and v; are adjacent,
aij =
0, otherwise.

The sum eccentricity energy of G is defined as the sum of absolute values of the eigenvalues
of the sum eccentricity adjacency matrix of G.

In 2010, Adiga, Balakrishnan and Wasin So [1] introduced the skew energy of a digraph
as follows. Let D be a digraph of order n with vertex set V(D) = {v1,v2,- - ,v,} and arc set
I'(D) C V(D) x V(D) where (v;,v;) € I'(D) for all ¢ and (v;,v;) € I'(D) implies (v;,v;) € I'(D).
The skew-adjacency matrix of D is the n x n matrix S(D) = (s;;) where s;; = 1 whenever
(vi,v) € T(D), s;j = —1 whenever (v;,v;) € I'(D) and s;; = 0 otherwise. Hence S(D) is a
skew symmetric matrix of order n and all its eigenvalues are of the form i\ where i = v/—1 and
A is a real number. The skew energy of G is the sum of the absolute values of eigenvalues of
S(D).

Motivated by these works, we introduce the concept of skew-sum eccentricity energy of a
digraph as follows. Let D be a digraph of order n with vertex set V(D) = {v1,va, -+ , v}
and arc set I'(D) C V(D) x V(D) where (v;,v;) & I'(D) for all ¢ and (v;,v;) € I'(D) implies
(vj,v;) € T(D). Then the skew-sum eccentricity adjacency matrix of D is the n x n matrix

1Received August 11, 2021, Accepted August 31, 2021.
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Asse = (a'ij) where,

8(1}1‘) + €(Uj), if(vivvj) € F(D),
aij = § — (e(vi) +e(vy)), if(v;,v:) € (D),
0, otherwise.

Then the skew-sum eccentricity energy Fgs.(D) of D is defined as the sum of the absolute
values of eigenvalues of Ag,.. For example, let D be the directed circle on 4 vertices with the
arc set {(1,2),(2,3),(3,4),(4,1)}. Then

with the characteristic equation A\* + 64\? = 0. Its eigenvalues are 8i, 0, 0, —8i and the
skew-sum eccentricity energy of D is 16.

In section 2 of this paper we obtain the upper and lower bounds for skew-sum eccentricity
energy of digraphs. In Section 3 we compute the skew-sum eccentricity energy of some directed
graphs such as complete bipartite digraph, star digraph, the (S,, A P;) digraph, (n,2n — 3)

strong vertex graceful digraph and a crown digraph.

82. Upper and Lower Bounds for Skew-Sum Eccentricity Energy

Theorem 2.1 Let D be a simple digraph of order n. Then

Esse(D QnZ )+ e(vg) )2.
j~k
Proof Let iA1,iA9,iA3, -+ , i\, be the eigenvalues of Agge, where Ay > Ao > A3 > Ay >
- > Ap. Since

. 2
S0 = r(A2,) = - 30 Y e = 23 (e o))"
Jj=1 j=1k=1 j~k

we have

ZM 2 =2 (e(v)) +e(wr))*. (1)

Jj~k
Applying the Cauchy-Schwartz inequality

2

Sap | < (e [
2 , .
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with a; =1, b; =| \; |, we obtain

n n n
Ewe(D) = Y INl= QD2 < [n) A2
j=1 j=1 j=1
= QnZ )+ e(vp))”.
j~k
This completes the proof. O

Theorem 2.2 Let D be a simple digraph of order n. Then

sse Z +€ Uk ) +n(n_ 1)]7%,- (2)

Jj~k

where p = |detAgq| = H?:l Al

Proof Notice that

2

(Esse(D Z|>‘| :Z|)‘j|2+ Z A5 Ak
j=1

1<j#k<n
By the arithmetic-geometric mean inequality, we get

Y Al

Al A2 + [As] + - 4 [An])

1<j#k<n
A2l ([A1] + [Az| 4+ + [An])
o Al (A ]+ [ Al + -+ [Aaa])
L n—1 n—1 n—1\—1—
> n(n = D(Alel - D (M ol a2
= n(n-1) H|)\| H|)\j| =n(n—1) H
j=1 j=1
Thus

Egsel Zx\|—|—nn—1 H|)\\

From the equation (1), we get

(Base(D))? > 2" (e(v;) + e(wr))? + n(n — 1)p=,
J~k

which gives the inequality (2). O
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83. Skew-Sum Eccentricity Energies of Some Graph Families

We begin with some basic definitions and notations.

Definition 3.1 A graph G is said to be complete if every pair of its distinct vertices are

adjacent. A complete graph on n vertices is denoted by K,,.

Definition 3.2 A bigraph or bipartite graph G is a graph whose vertex set V(G) can be par-
titioned into two subsets Vi and Vo such that every line of G joins Vi with Va. (V1,Va) is a
bipartition of G. If G contains every line joining V1 and Va, then G is a complete bigraph. If

Vi and Vo have m and n points, we write G = K, ,,. A star is a complete bigraph K .

Definition 3.3 A crown graph SO for an integer n > 3 is the graph with vertex set {uy, us, - ,
Up, V1,02, U} and edge set {u;vj;1 < i,j < n,i # j}. SO is therefore SO coincides with

complete bipartite graph K, , with the horizontal edges removed.

Definition 3.4 The conjunction (S A P2) of Sy = K + K1 and P» is the graph having the
vertex set V(Sp) X V(P2) and edge set {(v;, v;)(vg, vp)|vivg € E(Sp) and vju € E(P2) and 1 <
ik <m+1,1<j,1<2).

Definition 3.5 A graph G is said to be strong vertex graceful if there exists a bijective mapping
f:V(G) = {1,2,--- ,n} such that for the induced labeling f* : E(G) — N defined by f*(e) =
f(u)+ f(v), where e = uv, the set f+(E(G)) consists of consecutive integers.

Now we compute skew-sum eccentricity energies of some directed graphs such as complete
bipartite digraph, star digraph, the (S,, A P2) digraph, (n, 2n—3) strong vertex graceful digraph

and a crown digraph.

Theorem 3.6 Let the vertex set V(D) and arc set I'(D) of complete bipartite digraph K, »(m >
1) be respectively given by V(D) = {ui,ua, -+ ,Um, 01,02, - ,0p} and T'(D) = {(u;,v;) |1 <
i <m,1 <j<n}. Then, the skew-sum eccentricity energy of K, is 8y/mn.

Proof The skew-sum eccentricity matrix of complete bipartite digraph is given by

0 0 0 4 4

0 0 0 4 4 4
Asse =

—4 —4 —4 0 0 0

-4 —4 -4 0 0 0
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Then, its characteristic polynomial is

A 0 —4 —4
A 0 —4 —4
0 A —4 —4
N — Agye| =
4 4 4 N 0
4 4 4 0 A
4 4 4 0 0
A, —4J7T
47 M, |

53

where, J is an n x m matrix with all the entries are equal to 1. Hence, its characteristic equation

is given by
M, —4JT
f— O7
4J M,
which can be written as
I, T
M| (AL, — (4) ~ (-4J")| =
By simplification, we obtain
A2 T
mweA™ " 717 = 5
6 T +JJ 0
which can be written as
)2
16" "P —) =
6A 7 ( 16 ) 0,

where Pjyr(A) is the characteristic polynomial of the matrix ,,J,. Thus, we have

)\2 )\2 n—1
1 m—n —
6 (16 + mn> (16) 0,

which is the same as
AT =2(02 L 16mn) = 0.

Hence,

0 dy/mn  —idy/mn

m-+n—2 1 1

Spec(D) =
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Therefore, the skew-sum eccentricity energy of the complete bipartite digraph is

Esse(D) = 8y/mn,

as desired. 0]

Theorem 3.7 Let the vertex set V(D) and arc set T'(D) of star digraph S,, be respectively given
by V(D) = {v1,v2,--- ,vn} and I'(D) = {(v1,v;) |2 < j < n}. Then, the skew-sum eccentricity
energy of D is 64/n — 1.

Proof The skew-sum eccentricity matrix of the star digraph D is given by

0 3 3 3 3
-3 0 0 0 0
A = -3 0 0 0 0
-3 0 0 0 0
-3 0 0 0 0

Hence, its characteristic polynomial is given by

-1 -1 -1 -1
A -3 -3 .-~ =3 :
1 0 0 0
3 A 0 0
1 0 pu 0 0
M —Agsel=]3 0 X -~ 0 |=3" )
1 0 0 0
3 0 0 A
1 0 0 0 u
where p = % Then, |A — Agse| = 3"¢p (1) with
po—1 -1 - -1 -1
1 0 0 0
1 0 u 0 0
On (1) =
1 0 0 p o0
1 0 0 0 u

Using the properties of the determinants, we obtain after some simplifications

Gn(p) = (NniQ + ppn—1(p))-
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Iterating by this formula, we obtain

Gn(p) = u" (0 +n—1).

Fro-n)@)]

Consequently, the characteristic equation is given by

Therefore

IA] — Agse| = 3"

AP (A% +9(n— 1)) = 0.

Hence
0 i3vn—1 —i3yn—1
Spec (D) =
n—2 1 1
Thus, the skew-sum eccentricity energy of D is Esg.(D) = 64/n — 1. O

Theorem 3.8 Let the vertex set V(D) and arc set T'(D) of crown digraph S°(n > 2) be
respectively given by V(D) = {uy,ug, -+ ,Up, 1,02, -+ ,0n} and T'(D) = {(u;,v;)|1 < i <

n,1 <j<m,i#j}. Then, the skew-sum eccentricity energy of the crown digraph is 16(n — 1).

Proof The skew-sum eccentricity matrix of crown digraph is given by

0 0 0 4 4 0
Asse:

0 -4 -4 0 0 0

—4 0 -4 0 0 0

4 -4 - 0 00 --- 0

Then, its characteristic polynomial is

A, —4KT
|AI - Asse| = 5
AK M,

where K is an n X n matrix. Hence the characteristic equation is given by

N, —4KT
AK M,

=0.
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This is same as

I,
AL, | AL, — (4K) < (—4KT)| =0,
which can be written as \2
16™ P, ——) =
6" Pr e ( 16) 0,

where Py g7y is the characteristic polynomial of the matrix KK T Thus, we have

AZ )\2 n—1
16" | — -1)?| | =+1 =
6 {16”” >H16+} 0,

which is same as
(A2 +16(n—1)%) (A2 +16)""" = 0.
Therefore
idn—1) —id(n—1) 4  —id
1 1 n—1 n-—1

Spec (D) =

. Hence the skew-sum eccentricity energy of crown digraph is
Esse(D) = 16(n—1)

as desired. H

Theorem 3.9 Let the vertex set V(D) and arc set I'(D) of digraph (Sm A P2)(m > 1) be

respectively given by

V(D) - {U17U27 e av2m+2}7

I'(D) = {(v1,v5), (Um2,v6) |2 <k <m+1,m+3<j<2m+2}.

Then the skew-sum eccentricity energy of D is 12y/n — 1.

Proof The skew-sum eccentricity matrix of (S,, A Py) digraph is given by

0 O 0o 0 3 3

0 O 0 -3 0 0

0 0 -~ 0 -3 0 - 0
Asse: ;

-3 0 0 0 O 0

-3 0 0 0 O

2nXx2n
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where m + 1 =n. Then, its characteristic polynomial is given by

AT — Agse

Hence, the characteristic equation is given by

32n

where A = % Let

¢2n(A) =

—_

A

2nXx2n

2nx2n

2nX2n
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A O 0 0O 0 -1 -1 -1
0 A 0 0 1 O 0 0
0 O A 0 1 0 0 0
= (-)*™Alo0 0 0 - A 1 0 0 - 0
0o -1 -1 -1 A O 0 0
1 0 0 0 0 A 0 0
1 0 0 0O 0 O 0 A
(2n—1)x(2n—1)
0 0 0 0 0 -1 -1 -1
A 0 0 0 1 0 0 0
0 A 0 0 1 O 0 0
H=) 0 0 0 - A 1 0 - 0 0
-1 -1 -1 -1 A O 0 0
0 0 0 0O 0 A 0 0
0 0 0 0O 0 O A 0
(2n—1)%x(2n—1)
and let
0 0 0 0 0 -1 -1 -1
A 0 0 0O 1 O 0 0
0 A 0 0 1 0 0 0
Vo (N)=(-D**"1 0 0o 0 - A 1 0 -~ 0 0
-1 -1 -1 -1 A 0 0 0
0 0 0 0O 0 A 0 0
0 0 0 0O 0 O A 0
(2n—1)x(2n—1)

Applying the properties of the determinants, we obtain

Ty, 1(A) = A"20,,(M),
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after some simplifications, where

A 0 0 1
0 A 0 1
O.,(A)=| 0 0 A 1
“1 -1 -1 - A
nXxXn

Then, we have
¢2n(A) = AniQ@n(A) + A¢2n—1(A>-

Now, proceeding as the above, we obtain

(—1)(2n_1)+1\112n_2(/\) + (_1)(2n—1)+(2n—1)A¢2n_2(A)
= A" 30,(A) + Adon_a(A).

¢2n—1 (A)

and continuous like this, we finally obtain
P2n(A) = (n — A" 20, (A) + A" DE 1 (A)

at the (n — 1)** step, where

A O 0 0
0 A O 1
Ei(A)=]0 0 A 1
0 -1 -1 A

(n+1)x (n+1)

don(A) = (n—1)A"?0,(A) + A" TAO,(A)
= (n—1)A"20,(A) +A"0,(A)
= (n—=1DA" 2+ AMO,(A).
Using the properties of the determinants, we get that
O,(A) = (n— 1)A" 2 4 A™.

Therefore
Pan(A) = ((n — 1A ™2 4 A™)2,
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Hence, the characteristic equation becomes
3% $on(A) =0,

which is the same as
3"(n—1DA" 2+ A")? =0

and can be reduced to

22

)\2n—4((n _ 1) + 5

)2 =0.

Therefore
0 3vn—1 —i3v/n—1
2n — 4 2 2

Spec (D) =

Hence the skew-sum eccentricity energy of (S, A P) digraph is
Esse(D) = 124/n — 1. O

Theorem 3.10 Let the vertex set V(D) and arc set T'(D) of strong vertex graceful digraph
(n,2n —3) D = Ko + K,,_2(n > 3) be respectively given by V(D) = {vi,va, - ,v,} and
I'(D) = {(v1,vj)|2 < j < n}U{(vj,vn) ]2 < j < n—1}. Then, the skew-sum eccentricity
energy of D is 21/4 4 18(n — 2).

Proof The skew-sum eccentricity matrix of the graph is given by

0o 3 3 2

-3 0 0 3

Agse=1] =3 0 0 3

-2 -3 -3 0

and its characteristics polynomial is
p -1 -1 -1 —
1 0 0 -1
1 0 wpu -~ 0 -1
‘/\I - Asse| = 3" . . . . . . )

1 0 0 - u -1
vo1 1 1 g

where p = % and vy = % Using the properties of the determinants, we obtain

AT — Agse] = 3" [(=1)*" T (1® = 4*) "2 + (=1)*"2p¢n—1 ()] (3)
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after some simplifications, where

po—1 -1 -1
1w 0 0
boa(p)=|1 0 o 0
1 0 0
H (n—1)x(n—1)

Now, as in the proof of the Theorem 3.7, we obtain

Fn-1(1) = 1" + pén—2(n).
Iterating with this formula, we obtain

Gn1(p) = p" (1 +n—2). (4)
Substituting (4) in (3) and using 1 = 3, we obtain

AL = Awel = 3" [= (12 = 77) ()" +2(0)" 2% +n — 2)]

= A" 2(P++*+2(n—2).

Thus, the characteristic equation is given by

2 _
-2 <A+4+18(n 2))20.

9 9
Hence
Spec (D) = 0 i/4+18(n—2) —i\/4+18(n—2)
n—2 1 1
So, the skew-sum eccentricity energy of D is Fgse(D) = 24/4 + 18(n — 2) as desired. O
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Abstract: The significance of the (a, b) -KA indices lies on the fact that their special cases,
for pertinently chosen values of the parameters a and b, coincide with the vast majority of
previously considered vertex based topological indices. In this paper, we computed the (a, b)
- KA indices of some special class of graphs such as regular graph (hyper cube graph and
generalized petersen graph), cartesian product graph (grid graph, torus graph and cylinder
graph), lollipop graph and Harary graph.
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81. Introduction

All the graphs considered here are finite, undirected, connected with no loops and multiple
edges. As usual p = |V| and ¢ = |E| denote the number of vertices and edges of a graph
G = (V, E), respectively. The edge connecting the vertices u and v will be denoted by wv. Let
dg(e) denote the degree of an edge e in G, which is defined by dg(e) = dg(u) + dg(v) — 2 with
e = uv. For graph theoretic terminology and notation not given here we refer the reader to
Kulli [15].

Chemical graph theory is a branch of the mathematical chemistry which has an impor-
tant effect on the development of the chemical sciences. A single number that can be used
to characterize some property of the graph of a molecular structure is called a topological in-
dex for that graph. There are numerous molecular descriptors, which are also referred to as
topological indices, that have found some applications in theoretical chemistry, especially in
QSPR/QSAR/QSTR research. For the historical milestones, some applications and mathe-
matical properties of graph theory, we refer to [4, 6, 8, 10, 20, 32].

The first (a,b)-KA index KA! , (G), the second (a, b)-KA index KA%a,b) (G) and the third

(a,b)

(a,b)-KA index KA:()’a,b)(G) of a graph G are defined as

KAlp(@) = > lda(w)® +da(v)]’,
weE(G)

1Received July 13, 2021, Accepted September 2, 2021.
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KA, (@) = > lda(u).de(v)")’
wEE(G)

and

KALp(@) = > [do(w)® —da(v)" |’
uw€eE(G)

where a and b are real numbers.
These (a, b)-KA indices were introduced by Kulli [21] and elaborated in [24].

§2. The Particular Values of a and b in (a,b)-KA Indices

The majority of hitherto studied vertex degree based topological indices are special cases of

(a,b)-KA indices, for particular values of real numbers a and b as follows:

(1) KA

(2) KAZ )

(3) KA%_1 1)(G) = RM1(G), the redefined first Zagreb index, [29].

(G) = M (Q), the first Zagreb index, [12].

(G) = M3(G), the second Zagreb index, [12].

(4) KA%_1 _1)(G) = RM>(G), the redefined second Zagreb index, [29].

(5) KA%M)(G) = F1(G), the first Forgotten index, [5].

(6) KA%M)(G) = F5(G), the second Forgotten index, [16].

(7) KA(12’2)(G) = HF1(QG), the first hyper Forgotten index, [9].
(8) KA%LQ)(G) = HM;(G), the first hyper Zagreb index, [31].
(9) KA?L?)(G) = HM5(QG), the second hyper Zagreb index, [34].

1
(10) KAL)

(11) KA?1 _1)(G) = R(G), the Randic index, [28].

(12) KA?1 l)(G) = RR(G), the reciprocal Randi¢ index, [15].
)

(13) LKA, (G) = SK(G), the SK-index, [30].

(G) = x(G), the sum connectivity index, [35].

(14) K'A%2 l)(G) = SO(G), the Sombor index, [7].
(15) KA,

(16) KA:()’_1 1)(G) = Min(G), the misbalance indeg index, [33].

(G) = Alb(G), the Albertson (M;(G) Minus) index, [1].

3
(17) K43,

3
(18) KA, |

(19) KA?LQ)(G) = 0(@G), the Sigma index, [11].

(G) = M,o(G), the misbalance rodeg index, [33].

(G) = M;(G), the misbalance irdeg index, [33].
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(20) KA?_Q’D(G) = M (G), the misbalance sdeg index, [33].

(21) KA?z’l)(G) = MF(G), the minus F-index, [17].

(22) KA?Q’Q)(G) = o F(QG), the square F-index (sigma F-index), [17].

(23) KA?2 l)(G) = RMF,(G), the receiprocal minus F- index, [18].
)

(24) KA?Lb)(G) = M?(G), the general minus index, [19].
(25) KA?a’l)(G) = M?(QG), the general misbalance deg index, [25].
(26) KA:(”Q,b)(G) = MF*(@), the general minus F- index, [18].
(27) KA%Lb)(G) = M?(G), the first general Zagreb index, [26].

(29) KAL)

(G) = R*(@), the general Randic index, [3].
(30) KA(,,,(G) = Mu(G), An edge a- Zagreb index, [27].

(31) KA!

ts.1)(G) = Y(G), the Y-index, [2].

(32) KAL | (G) = N(G), the Nirmala index, [22].

(1,3)

(33) KA%3 1)(G) = D(G), the Dharwad index, [23].

83. Regular Graphs

An r-regular graph is a graph where each vertex has the same degree r. i.e., dg(u) = dg(v) = 7.

Theorem 3.1 Let G be an r- regular graph with p > 2 vertices. Then

(Z) KA%a,b) (G) — 2bqrab — 2b—1p,rab+1;

.. 1
(i) KA2, ) (G) = qreh = Spr2+;
(iii) KA}, ) (G) =0.

Proof Let G be an r-regular graph with p > 2 vertices. Since every vertex is of same

degree r, we have 2q = pr.

(7) The first (a,b)-KA index is

KAlL»(@) = Y [de(w)*+da(v))’
weE(G)
_ Z [ra + Ta]b _ 2bqrab _ 2b71prab+1'
uveE(G)
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(74) The second (a,b)-KA index is

KAL »(G) = Y [da(u)dg(v)*]’
uwweE(G)
1
— Z [Ta.ra]b _ qr2ab — ipr2ab+1'
wweE(G)

(#9t) The third (a,b)-KA index is

KAL) (G) = ) lde(w)® —dg(v)*]’
w€EE(G)
= Z [r® —r¢|> = 0.
uwweE(G)
Thus, the result follows. O

Corollary 3.1 If cycle C, with p > 3 is a 2-regular graph, then

(4) KA%a,b)(Cp) = 20(+alg;
(17) KA%a,b)(Cp) = 4%%¢.

Corollary 3.2 If complete graph K, with p > 2 is a (p — 1)-regular graph, then

(i) KA, () = 2%q(p —1)*;
(”) KA?QJ,) (Kp) = Q(p - 1)2ab-

Corollary 3.3 If complete regular bipartite graph K, s with s > 1 is a s-regular graph, then

(1) KA%a,b)(K&s) = 2bgs;

(i) KA%mb) (Ks.s) = gseb.

Corollary 3.4 If n-hypercube graph Q,, is n-reqular with 2" vertices and n2"~1 edges, then
(i) KAL) (Qn) = 20n=Inav+,
(ii) KAZ, , (Qn) = 27~ InZeb+L,

where the hypercube @, is the simple graph whose vertices are the n-tuples with entries in 0,1

and whose edges are the pairs of n-tuples that differ in exactly one position.

Corollary 3.5 If G is generalized Petersen graph GP(n,k) which is 3-reqular with 2n vertices
and 3n edges, then

(i) KAL,(G) =23+l

(i4) KAT, ;) (G) =n3>0 ™,
where the generalized Petersen graph denoted by GP (n,k) forn >3 and 1 <k < |[(n—1)/2]
is a connected cubic graph consisting of an inner star polygon {n,k} (circulant graph Ci,(k))

and an outer regular polygon n (cycle graph C,,) with corresponding vertices in the inner and
outer polygons connected with edges.



66 V. R. Kulli, D. Vyshnavi and B. Chaluvaraju

84. Cartesian Product Graphs

According to Hammack et al. [14], the Cartesian products of graphs were defined in 1912
by Whitehead and Russel. They were repeatedly rediscovered later, notably by Sabidussi
(1960) and independently by Vizing (1963). The cartesian product of two graphs G and H,
denoted by GOH, is a graph with vertex set V(GUH) = V(G) x V(H), that is, the set
{(g,h)/g € G,h € H}. The edge set of GLH consists of all pairs [(g1, h1), (g2, h2)] of vertices
with [g1,92] € E(G) and hy = hg, or g1 = g2 and [hy, he] € E(H).

4.1. Grid Graph

The m x n grid graph can be represented as a cartesian product of P,,[JP, of a path of length
m — 1 and a path of length n — 1. This grid graph is denoted by G, ,, with (mn)-vertices and
(2mn — m — n)-edges.

Theorem 4.1 Let G = Gy, be an m x n grid graph. Then

4 (20 2ab), ifm=n=2

ob(a+1)+1

+4(2% + 39)°

+(3n — 8)2°37%, ifm=2,n>3
KA%a,b) (G) = b

8(2¢ + 3%)

+20+H (m +n — 6)37°

+2(m +n — 4)(3% + 49)°

+(2mn — 5(m +n) +12)2%4%  ifm > 3,m < n.

4ab+1 ifm=n=2

2.4 4 4.6

+(3n — 8)99, ifm=2n>3
KA?OLJJ)(G) = b b

8.6% 4+ 2(m +n — 6)9°

+2(m +n — 4)129

+(2mn — 5(m +n) +12)16%°  if m > 3,m < n.

and
0, fm=n=2
5 4.]2% — 32°, ifm=2mn>3

KA(a,b)(G) = b

8.]2% — 37|

+2(m+n—4)[3* — 42 ifm >3 m <n.

Proof Let G = G, be an m x n grid graph with (mn)-vertices and (2mn —m — n)-edges.
By algebraic method, we have
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m X n grid (de(u),dg(v)) Number of edges
2 % 2 (2,2) 4
(2,2) 2
2xn,n>3 (2,3) 4
(3,3) 3n—38
(2,3) 8
mxn,m<mn,m2>3 3.3) 2m +n - 6)
(3,4) 2(m+n—4)
(4,4) 2mn — 5(m +n) + 12

Table 1 Degree partition of Gy, 1.
By the definitions of (a,b)-KA indices and Table 1, on simplification, we have
Case 1. If m =n =2, then
(i) KAL, (G)=4(2b2e);
(1) KA, (G) = 4ot
(#41) KA?a’b)(G) =0.
Case 2. If m =2 and n > 3, then
(i) KAL) (G) =200FDF 1 4(29 4 37)0 4 (3n — 8)2°3%;
(i) KAZ,,)(G)=24%+4.6" + (3n — 8)9%";
(#i1) KA?a,b) (G) = 4.]2% — 32,
Case 3. If m > 3 and m < n, then
(i) KAl (G) =8(2+3%)" + 2" (m +n — 6)3% + 2(m +n — 4)(3 + 4%)" + (2mn —
5(m + n) + 12)2b49;
(i1) KAZ,(G)=8.6"42(m+n—6)9+2(m+n—4)12°° + (2mn — 5(m +n) + 12)16°;
(iii) KA3 ,(G) = 8.|2% = 39" 4+ 2(m + n — 4)[3* — 4°|°.
Thus, the result follows. O

4.2. Torus Grid Graph

The Torus grid graph T, , is the graph formed from the graph cartesian product C,,0C,, of
the cycle graphs C), and C,,. C,,00C,, is isomorphic to C,,[1C,,.

Theorem 4.2 Let G =T, , be a Torus grid graph which is 4- reqular graph with mn vertices
and 2mn edges. Then

(1) KA%a’b)(G) = mn.2b+149;
(17) KA%a’b)(G) = 2mn.16;
(iid) KA, ,)(G) = 0.

Proof Let G =T, be a Torus grid graph which is 4- regular graph with mn vertices and
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2mn edges.

(i) The first (a,b)-KA index is

KAlp(@) = Y [de(w) +da(v)]"
weE(G)
_ Z [411 + 4a]b — q2b4ab _ mn.2b+14ab-
weE(G)

(#4) The second (a, b)-KA index is

KAL»(G) = ) [de(w)*de(v)?]’
uwweE(G)
= Z [47.497° = ¢42®* = 2mn.167.
wweE(G)

(#4t) The third (a,b)-KA index is

KAL) (G) = ) lde(w)® —dg(v)*]’
uwveE(G)
= ) -4 =o.
uwweE(G)
Thus, the result follows. O

4.3. Cylinder Grid Graph

The cylinder grid graph Cy, ;, is the graph formed from the cartesian product P, x C,, of the
path graph P,, and the cycle graph C),. That is, the cylinder grid graph consists of m copies
of C), represented by circles and n copies of P, represented by paths transverse the m circles.

Theorem 4.3 Let G = C,, , be a cylinder grid graph with n > 3. Then,

n2b3ebtt, if m=2
KA%a,b)(G) — n2b+igab 4 2n(3% + 4a)b
+(2mn — 5n)2°49 if m > 3.
n32ab+1 if m =2
KA?, )(G) = { 20329 4 2n3e0490
+(2mn — 5n)42%, if m > 3.

and
0, if m=2

KA? ,\(G) =
() 2n[3% — 49>, if m > 3.

Proof Let G = C), ,, be a cylinder grid graph with mn vertices, where n > 3.
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Case 1. If m =2, then the graph G is 3-regular with 3n edges. Thus

(i) The first (a,b)-KA index is

EAL (@) = Y [de(w)® + dg(v)*])
weE(G)

Z [3a 4 3a]b — q2b3ab — n2b3ab+1.
uwweE(G)

(#4) The second (a,b)-KA index is

KAZ,(G) = > lda(w)*dg(v)"])
uwveE(G)
— Z [30,.3(1}17 — q32ab — n32ab+1'
w€eE(G)

(#i1) The third (a,bd)-KA index is

KAL»(G) = ) lde(w)® —de(v)"= ) [3*=3""=0.

weEE(G) weE(G)

Case 2. If m > 3, then by algebraic method, we have Table 2.

(dg(u),de(v)) | Number of edges
(3,3) 2
(3,4) 2n
(4,4) 2mn — bn

Table 2 Degree partition of Cy, ,, with m > 3.

By the definitions of (a,b)-KA indices and Table-2, on simplification, we have
(1) KAL) (G) =n2"413% 4 2n(3% +4%)° + (2mn — 5n)2°4°0.

(i) KAZ, ;) (G) =203 4 20304 4 (2mn — 5n)4°*".

(iii) KA}, (G) = 20|37 — 47",

Thus, the result follows. O

§5. Lollipop Graph

The (m, n)-lollipop graph is the graph obtained by joining a complete graph K,, to a path P,
with a bridge.
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Theorem 5.1 Let G = LP(m,n) be a Lollipop graph. Then,

(1+m*)®
+(m —1)[(m —1)* + m]’
2
25 (m — 1)ab(m+3m + 1), ifn=1,m>3

(1429 + (n — 1)2b0+a)

KAl )(G) =1 +3(22+ 3%, ifm=3,n2>2
(1429 4 (n —2)2b0+a)
+(2* + m“)b
m2 — 3m
+2b(m — l)ab(# + 1)
+(m = 1)[(m — 1)* +m*]?, ifm>4,n>2.

mab + mab(m _ 1)ab+1
2
-3
+(m71)2ab<m 5 m
20 + (n —1)4% + 3.6, ifm=3mn>2

+1), ifn=1,m>3

KA%a b)(G) =
’ 2ab + (n _ 2)4(11) + 2abmab
_|_(m_ 1)ab+1mab
2 _
+(m — 1)2'1’)(% + 1), ifm>dn>2.
and
|1 —ma|®
+(m —1)|(m—-1)*—m2’ ifn=1,m>3
KA}, )(G) =< |1 — 20" 4 3[22 — 3¢, ifm=3n>2

|1 _ 2a|b + |2a _ ma‘b
+(m —1)|(m —1)* —=ma®, ifm>4,n>2.

Proof Let G = LP(m,n) be a Lollipop graph.

Case 1. If n =1,m > 3, then by algebraic computations, we have

(d(u),d(v)) Number of edges
(1,m) 1
(m—1,m-—1) 7712;737” +1
(m—1,m) m—1

Table 3 Degree partition of L(m,n) with n =1,m > 3.

By the definitions of (a,b)-KA indices and Table-3, on simplification, we have

() AL (G) = (1 m) 4 (m — Dlom — 1)+ mo] + 22(m — o3 1),



Computation of (a,b)-KA Indices of Some Special Graphs 71
. 2 _ ab ab ab+1 2ab m2 —3m
(i1) K A2, 4)(G) = m® +m®(m — 1)@+ + (m — 1)2e0 (=2 4 1),
(ii7) KA}, ) (G) = [1=m®" + (m — 1)|(m — 1)* —m?|".

Case 2. If m = 3,n > 2, then by algebraic computations, we have

d(v)) | Number of edges
,2) 1
2)
3)

n—1

3

Table 4 Degree partition of L(m,n) with m =3,n > 2.
By the definitions of (a,b)-KA indices and Table-4, on simplification, we have
(1) KA(, ) (G) = (1429)° 4 (n — 1)2°0F) 4 3(2 4 3%)°.
(i) KAZ, ) (G) = 2% + (n — 1)4° + 3.6,
(ii1) KA}, ) (G) = [1—2°" +3[2 — 3°/".

Case 3. If m > 4,n > 2, then by algebraic computations.

(d(u),d(v)) Number of edges
(1,2) 1
(2,2) n—2
(2,m) 1
(m—1,m-1) mQ—TZ%m +1
(m—1,m) m—1

Table 5 Degree partition of L(m,n) with m > 4,n > 2.
By the definitions of (a,b)-KA indices and Table-5, on simplification, we have

m2 — 3m
2

2
3
(i1) KAZ, ;) (G) = 2%+ (n—2)4°0 + 290 4 (m — 1) e 4 (m — 1)200 (T 1),

(i) KAl 3)(G) = (1429 + (n— 2)2°04) 4 (29 4 me)® 4 2(m — 1)ab(
(m —1D)[(m —1)% +ma]®.

+1) +

(i) KAY, ;) (G) =1 = 2" +[2* —m* + (m — 1)|(m — 1)* —m*|".
Thus the result follows. O

86. Harary Graph

In 1962, Harary [13] introduced the Harary graph, which has maximum connectivity; therefore,

it plays an important role in designing networks. This is a k-connected graph on p vertices of

k
degree at least k with {717—‘ edges. The Harary graph Hy,, is constructed as follows:
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1. k even: Let k = 2r. Then Hy, , is constructed by the vertices 0,1,...,p — 1 and two

vertices ¢ and j are joined if i —r < j <1i+r.

2. k odd, p even. Let k = 2r + 1. Then Hs,,;, is constructed by first drawing Hs,, and
then adding edges joining vertex i to vertex i + (§) for 1 <7 < £.

3. k odd, p odd : Let k = 2r+1. Then Hs, 1, is constructed by first drawing Ho,.,, and then

(pgl) and (p;r ) (p+1)

adding edges joining vertex 0 to vertices and vertex ¢ to vertex i +

for 1 < < 221
Theorem 6.1 Let G = Hy,;, be a Harary graph.
(1) If k is even, then

kp u
(i) KALy(G) = |5 |27k
k;
(i4) KAga y(G) = [7] J2ab
(1i1) K (a p(G) = 0.
(2) If k is odd and p is even, then
kp u
(i) KA, (G)= { . ]2% b,
kp7.,,
(i) K (a b)(G) = [?-‘ k2,
(i11) KA, ,,(G) = 0.
(3) Ifk is odd and p is odd, then

(i) KAl ,(G)= { [gp] (k+ 1)} (2°K0) 4 (k + 1)(k* + (k + 1)°)";
(i) KA, ,(G)= { [kaW (k+ )} (k2%°) + (k + 1) (K (k + 1)2);
(#41) KA(a’b)(G) = (k+ 1)|k® — (k + 1)2]b.

Proof Let G = Hy,p, be a Harary graph. We have

(1) If k is even, then

(i) The first (a,b)-KA index is

KAl (G) = ) lda(u)® +da(v)]’
wweE(G)
_ Z [k + ka]® = g2tk = V;hbkab
weE(G)

(i) The second (a,b)-KA index is

KA2 . (G) = Y [do(w)dg(v)?)

weEE(G)

_ Z [k9.kA]® = qk2e® = ’an—‘kmzb.

2
weE(G)
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(#31) The third (a,b)-KA index is

KA} »(G) = Z lde(u)® — da(v)*|°
weE(G)
= > k- =0
uwveE(G)

(2) If k is odd and p is even, then

(i) The first (a,b)-KA index is

KAl y(G) = ) lde(w)® +da(v)")
weEE(G)
— 2tk — W%"] obp.ab.

(#4) The second (a, b)-KA index is

KAl »(G) = ) [da(u)da(v)]’
uwweE(G)
kn
_ 2ab __ | MY | 7.2ab
— gk _[ 2% .

(#9t) The third (a,b)-KA index is

KAL»(G) = ) lde(w)' —da()*’ = Y [k =k =0.

weEE(Q) w€EE(G)

(3) If k is odd and p is odd, then
(i) The first (a,b)-KA index is

KAl,p(@) = Y [da(w)®+da(v))’
wEE(G)

{ [%W — (k+ 1)} (K + k) + (k+ D[k + (k+ 1))

{ [%p] -kt 1>} (2°k) + (k + D)[E® + (k + 1)°)".

(#i) The second (a,b)-KA index is

KA, (G) = Y [de(u).da(v)™)
weEE(G)
N { V%pl —(k+ 1)} (k*.k")" + (k + D[k (k + 1)

= {[%) = e ) ok D 1)

73
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(#91) The third (a,b)-KA index is

KA}, »(G) = Z lde (u)* — da(v)*|’
weE(G)
- {[kﬂ—(k+1)}|ka—k“|b+(k+1)|ka—(k+1)a|b

(k+ 1)k — (k+ 1)2°.

Thus, the result follows. O

§7. Conclusions

Being new generalized version of vertex degree based topological indices, the (a,b) KA-indices
lies on the fact that their special cases, for pertinently chosen values of the parameters a and b,
coincide with the vast majority of previously considered topological indices. For the comparative
advantages, applications and in mathematical point of view, few problems are suggested by this

research, among them are the following.

Problem 7.1 Find the extremal values and extremal graphs of the (a,b)-KA indices.

Problem 7.2 Find the values of (a,b)-KA indices for certain classes of chemical graphs and
explore some results towards QSPR / QSAR / QSTR Model.

Problem 7.3 Obtain the relationship between (a,b)-KA indices in terms of other degree/
distance/spectral based topological indices.
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Abstract: A graph G = (V, E) is called signed product cordial if it is possible to label the
vertex by the function f : V — {—1,1} and label the edges by f* : E — {—1,1}, where
f*(uv) = f(u).f(v), u,v € V so that |[v_; —v1| <1 and |e—1 — e1] < 1. In this paper,some
new results on signed product cordial labeling are proposed. The necessary and sufficient
conditions of signed product cordial for corona between paths and fourth power of cycles are

presented.

Key Words: Corona graph, fourth power, second power, signed product cordial graph,

Smarandachely signed product cordial labeling.

AMS(2010): 05022

§1. Introduction

The graph theory is a mathematical subfield of discrete mathematics. One area of graph theory
of considerable recent research is that of graph labeling. The concept of graph labeling was
introduced during the sixties’ of the last century by Rosa [14]. Labeling methods are used for a
wide range of applications in different subjects including coding theory, computer science and
communication networks. Yegnanarayanan [16] explores some of the interesting applications of
graph labeling With advancement in technology the occurrence of more complex networking
system is seen to have emerged. Many researches have been working with different types of
labeling graphs [5,8,11]. In 1954 Harray introduced S-cordiality [12]. An excellent reference
for this purpose is the survey written by Gallian [9]. The original concept of cordial graphs
is due to Cahit[6]. Cordial Labeling finds its application in Automated Routing algorithms,
Communications relevant Adhoc Networks and many others[10].

For more details about the graph labeling, the reader can refer to [2-4,13]. We will give
brief summary of definitions which are useful for the present investigations.

Definition 1.1([15]) If the vertices of the graph are assigned values subject to certain conditions

is known as graph labeling. Following three are the common features of any graph labeling

1Received July 23, 2021, Accepted September 4, 2021.
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problem:

(1) a set of numbers from which vertex labels are assigned;
(2) a rule that assigns a value to each edge;

(3) a condition that these values must satisfy.

The present work is targeted to discuss one such labeling known as signed product cordial

labeling defined as follows:

Definition 1.2 Let G = (V, E) be a graph and let f : V — {—1,1} be a labeling of its vertices,
and let the induced edge labeling f* : E — {—1,1} be given by f*(e) = (f(u).f(v)), where
e =uv and u,v € V. Let v_1 and vy be the numbers of vertices that are labeled by —1 and 1,
respectively, and let e_1 and e1 be the corresponding numbers of edges. Such a labeling is called
signed product cordial if both |[v_1 —v1| < 1 and |e—1 — e1] < 1 hold. On the other hand, if
lv_1 —v1| > 2 or le—1 —e1| > 2, such a labeling is called Smarandachely signed product cordial

labeling.

The concept of signed product cordial labeling was introduced by Baskar Babujee [1].

Definition 1.3 The corona G1 () Ga of two graphs Gy (with ny vertices, m; edges) and Gso
(with ny vertices, mo edges) is defined as the graph obtained by taking one copy of G1 and copies
of Gg, and then joining the it" vertex of G with an edge to every vertex in the i*" copy of Gs.

Definition 1.4 The fourth power of a paths P,, denoted by P2, is P,|JJ, where J is the set
of all edges of the form edges v;v; such that 2 < d(v;v;) < 4 and ¢ < j where d(v;v;) is the

shortest distance from v; to v;.

82. Terminologies and Notations

A path with m vertices and m — 1 edges is denoted by P,,. Also, a cycle with n vertices
and n edges, denoted by C,, and its fourth power C?} has n vertices and 4n — 9 edges.
We let Ly, denote the labeling (—1)211 (—1)211---(—1)211 (repeated r-times), Let L/, de-
note the labeling (—1)11(—1) (—1)11(-1)---(=1)11(—1) (repeated r-times). The labeling
11(=1)2 11(—=1)g---11(—1)5 (repeated r-times) and labeling 1(—1)o1 1(—1)21---1(—1)21 (re-
peated r-times) are written Sy, and Sj,.. Let M, denote the labeling (—1)1 (—=1)1---(=1)1,
zero-one repeated rtimes if r is even and (—1)1 (=1)1---(=1)1(-1) if = is odd; for exam-
ple, Mg = (-1)1(-1)1(-=1)1 and M5 = (—1)1(-1)1(—1). We let M, denote the labeling
1(=1)1(=1)---1(-1).

Sometimes, we modify the labeling M, or M/ by adding symbols at one end or the other
(or both). Also, Ly, (or L}, ) with extra labeling from right or left (or both sides). If L is
a labeling for a path p,, and M is a labeling for fourth power of path C,, then we use the
notation [L; M] to represent the labeling of the corona P,, ) CZ. Additional notation that we
use is the following: for a given labeling of the corona P, () C2, we let v; and e; (for i = —1,1)
be the numbers of vertices and edges, respectively, that are labeled by i of the corona P,,, ) C2,



The Signed Product Cordial for Corona Between Paths and Fourth Power of Cycles 79

and let z; and a; be the corresponding quantities for p,,, and we let y; and b; be those for C2,

which are connected with vertices labeled (—1) of P,.

Similarly, let v} and ¥} for Cji which are connected with vertices labeled 1 of P,,. It is
easy to verify that v_1 = 21 + x_1y_1 + 21y 1, 11 = 1 + 11 + 21y, €-1 = a—1 +
T_1b_1 + b | +x_qy_1 + 1Y) and ey = a1 + x_1b1 + 210] + x_1(x_1y1) + z1y" ;. Thus,
voy—v= (@1 —x1)trxa(y-1—y1) tar(y —y))and ey —ey = (a1 —a1) +x_1(b-1 —
bi) + a1 (b —0)) +2_1(y—1 —y1) —x1(y_; — y1)- When it comes to the proof, we only need

to show that, for each specified combination of labeling, |v_1 —v;| <1 and |e_; —e;| < 1.

83. Main Results

In this section, we study The signed product cordial for corona between paths and fourth power

of cycles.
Lemma 3.1 The corona P,, () ci is signed product cordial if and only if m # 1.

Proof Since C3 = P§, P,, () c4 is signed product cordial [9]. O
Lemma 3.2 If n = 0(mod 4), then P, () c} is signed product cordial for all m > 1.

Proof Suppose that n = 4s, where s > 2. The following cases will be examined.

Case 1. Suppose that m = 1. Then we label the vertices of Py () cj, by [(—1); S4,]. Therefore
r_1 = 1,z1 = 0,a_1 = a1 = 0,y_1 = y1 = 2s,b_1 = 8 — 4,by = 8 — 5. It follows that
v_1—v; =1and e_; —e; = 1. As an example, Figure 1 illustrates P; @cé. Hence, P; @cﬁis

-1
A% ¢vv/.v!

24 ¢
N N R
B~

Figure 1 P, ODcg

is signed product cordial.

Case 2. Suppose that m = 2. Then we label the vertices of P» () ¢}, by [(—1)1; S}, (—1)313M4ys_¢].
Therefore x_1 =21 = 1l,a_1 =1,a; = 0,y_1 = y1 = 28,b_1 =8s—4,b; =8s—5,y' ; =y} = 2s
and ' ; = 8s —5,b) = 8s — 4. It follows that v_; —v; =0 and e_; —e; = 1. As an example,
Figure (2) illustrates P, () cs. Hence, P> () c}, is signed product cordial.
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!
/171571'
L2 =

CNIND ] /S NN S

= “VAV‘ 2K
>

S 72

Figure 2 P, O cg

Case 3. Suppose that m = 3. Then we label the vertices of P3 () i, by [(=1)(—1)1; Sig, Sis,
(=1)313Mys—g]. Therefore x_1 = 2,21 = l,a_1 = a1 = 1,y_1 = y1 = 2s,b_1 = 85 —4,b; =
8s—5,y" 1 =y; =2sand b’ = 8s—5,b) =8s—4. It follows that v_1—v; = lande_;—e; = 1.
As an example, Figure (3) illustrates P3 () cs. Hence, P3 () ¢}, is signed product cordial.

1
I J/

7\
N NN AR
P

L2 XK/

X Z

Figure 3 P (O ci

Case 4. m = 0(mod 4). Suppose that m = 4r, where r > 1. Then we label the vertices
of Py (O ciy by [Lar; Shy, Shgs 13Mys—6(—1)3, 13Mys_¢(—1)3,- -+, (r — time)]. Therefore z_; =
21 =2r,a_1 =2r —l,ap = 2r,y_1 = y1 = 2s,b_; =8 —4,by =8s—5,y"; = yj = 2s and
b, =8s—5,b) =8s—4. It follows that v_1 —v; = 0 and e_; —e; = —1. As an example,
Figure (4) illustrates P, () ci. Hence, Py, () cj, is signed product cordial.
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Case 5. Suppose that m = 4r + 1, where » > 1. Then we label the vertices of Py41 @cﬁs
by [Lar(—1); Shss Shgs 1laMas—6(—1)3, 13Mys_6(—1)3,- -+, (r — time)s),. Therefore x_1 = 2r +
l,zy = 2rja_y = a3 = 2r,y_1 = y1 = 2s,b_1 = 8 —4,by = 8 — 5,y 1 = y; = 2s and
b, =8s—5,b =8s—4. It follows that v_; —v; = 1 and e_; — ey = 1. Hence, Py, 11 (O}, is

signed product cordial.

Case 6. Suppose that m = 4r +2, where r > 1. Then we label the vertices of Py, ) Cj, by
[Lar(—1)1557,, S04, 1aMas—6(—1)3, 1sMys_6(—1)3,- -+, (r — time)S),, 13Mas_s(—1)3]. There-
forex_1 =21 =2r+1,a_1 =2r+1,a0 =2r,y_1 =y =2s,b_1 =8s—4,by =8s—5,y , =
yy =2s and b’ = 8s —5,b) = 8s — 4. It follows that v_; —v; =0 and e_; — e; = 1. Hence,
Pyri2 (O cl, is signed product cordial.

Case 7. Suppose that m = 4r + 3, where r > 1. Then we label the vertices of Py,.3 ) Cj, by
[Lar1(=1)(—=1); Siy Sy 13Mas—6(—1)3, 1aMas—6(—1)3, - -+ , (r —time) 13Mas—6(—1)3, 4, Sis)-
Therefore x_1 =2r+2,2y =2r+1l,a_1 =2r,ay =2r+2,y_1 = y; = 2s,b_1 =8s—4,b; =
8s—5,y 1 =y = 2s and b’ ; = 8 — 5,b) = 8s — 4. Tt follows that v_; —v; = 1 and
e_1 —e; = —1. Hence, Py430) cﬁs is signed product cordial. O

Lemma 3.3 If n = 1(mod 4), then P, () ctsigned product cordial for all m > 1.

Proof Suppose that n = 4s + 1, where s > 2. The following cases will be examined.

Case 1. Suppose that m = 1. Then we label the vertices of P; (O ¢, 1 by [(—1); 13S4s-4(—1)2].
Therefore x_1 = 1,21 = 0,a_1 = a1 =0,y_1 = 2s,y1 =25+ 1,b_1 =85 —3,b =8s—2. It

follows that v_1 —v; =0 and e_; — e; = 0. Hence, P (O cﬁsﬂ is signed product cordial.

Case 2. Suppose that m = 2. We label the vertices of P> () ¢,,1 by [(—=1)1; Las, 13545—4(—1)2].
Therefore z_; =21 =1,a-1 = 1,01 =0,y_1 =25+ 1,41 = 2s,b_1 =85 —2,b =8s—3,y" ; =
2s,y1 =2s+ 1 and b_; = 8s — 3,b] = 8s — 2. It follows that v_1 —v; =0 and e_; — ey = —1.
Hence, P, (O ¢}, is signed product cordial.

Case 3. Suppose that m = 3. Then we label the vertices of P3 (D cj . by
[(=D)(=D L 1(=1)380s 41, 1(=1)3504s 41, 138as-a(=1)2].

Therefore x_1 = 2,21 = 1l,a_1 =a; = 1,y_1 =2s,y1 = 2s+1,b_1 =8s—3,b =8s—2,¢y" | =
2s+1,y; =2s and b’ | = 8s — 3, b} = 8s — 2. It follows that v_; —v; =0 and e_; —e; = 0.
Hence, P; (O ¢}, is signed product cordial.

Case 4. Suppose that m = 4r, where r > 1. Then we label the vertices of Py, (O Ci,
by [Lar; Las(—1), Las(—1), S4,1, S4.1, .o, (r — time)]. Therefore z_y = 21 = 2r,a_q = 2r —
lyay = 2r,y—1 = 25+ 1,y1 = 25,b_1 =85 —2,by =85 -3,y ; = 2S,y; = 25 +1 and
b, =8s—2,b) =8s—3. It follows that v_y —v; =0 and e_; — e; = —1. Hence, Py, (¢ 4y
is signed product cordial.

Case 5. Suppose that m = 4r + 1, where r > 1. Then we label the vertices of Pyy11 () ¢fyiq
by [Sar(—1); 54,1, 84,1, Las(—1), Las(—1),- -, (r — time) sss1. Therefore z_; = 2r + 1,27 =
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2r,a_g =2r—l,a1 =2r+1,y_1 =25+ 1,41 = 2s,b_1 =85 —2,b1 =8s— 3,9y, =2s,9] =
2s+ 1,0, =8s—2,b] =85s—3,y”, =2s,y) =2s+1and b’ =8s—2,b = 8s— 3. It follows
that v_1 —v; =0 and e_; —e; = 0. Hence, P11 () lels—',-l is signed product cordial.

Case 6. Suppose that m = 4r+2, where r > 1. Then we label the vertices of Py, 12 Cis+1 by
[Lar(—1)1; Lys(—1), Las(—1), S4,1, 84,1, -+, (r — time), Lys(—1),55,1]. Therefore z_1 =z =
2r+1,a_1 =2r+1,a; =2r,y_1 = 2s+1,y1 = 2s,b_1 = 85—2,b;y = 8s—3,y’ | = 25,y; = 2s+1
and b’_; = 8s—2,b] = 8s—3. It follows that v_;—v; = 0and e_;—e; = 1. Hence, P42 (DC?LSJrl

is signed product cordial.

Case 7. Suppose that m = 4r + 3, where 7 > 1. Then we label the vertices of Py,43 (O Ci, 1,
by [Lar1(—1)(=1); Lys(—1), Lys(—1), 54,1, 541, -+, (r — time) Si.1, Lys(—1), s451]. Therefore
T, =2r+2,x1 =2r+1l,a_1 =2r,ap = 2r+2,y_1 =2s+ 1,y1 = 2s,b_1 =8 —2,b; =
8s—3,y 1, =25,y =25+ 1,0, =8 —2,bp =85 -3,y =259/ =2s+1and d’, =
8s — 2,b) = 8s — 3. It follows that v_; —v; = 0 and e_; —e; = 0. Hence, Py,.13 G)cﬁs+1 i

signed product cordial. O

—
92}

Lemma 3.4 If n = 2(mod 4), then P, () ctsigned product cordial for all m > 1.

Proof Suppose that n = 4s + 2, where s > 2. The following cases will be examined.

Case 1. Suppose that m = 1. Then we label the vertices of P; () C’jfs+2 by [(=1); (=1)513S545—4]-
Therefore x_1 = 1,21 =0,a_1 = a1 =0,y_1 =y1 =2s+ 1,b_1 = 8s,b; = 8s — 1. It follows

that v_1 —v; =1 and e_; —e; = 1. Hence, P; () cﬁs+2 is signed product cordial.

Case 2. Suppose that m = 2. Then we label the vertices of P» () ¢, o by
(=D)L (=1)315 L%y (—1)3M315Mysg].

Therefore x_1 = 21 = l,a_1 = 1,41 = 0,y—1 = y1 =25+ 1,b_1 = 8s,by =8 — 1,9/, =
Yy =2s+1and b/ ; =8s—1,b) =8s. It follows that v_; —v; =0 and e_; — e; = 1. Hence,
Py ciq4 o is signed product cordial.

Case 3. Suppose that m = 3. Then we label the vertices of Py C{,, 5 by
(=D (=1)1; (=1)s13L}, 4, (=1)s1sLiy 4, (—1)sM513Mas—g].

Therefore x_1 = 2,21 = l,a_1 = a1 = 1,y_1 = y1 =25+ 1,b_1 = 8s,by =8 — 1,9, =
Yy =2s+1and b/ ; =8s—1,b) =8s. It follows that v_; —v; =1 and e_; — e; = 1. Hence,
Py (O ciqy s is signed product cordial.

Case 4. Suppose that m = 4r, where r > 1. Then we label the vertices of Py (D cj .5 by
[Lar; (=1)313L04, 4, (=1)313L}, 4, (—1)3M513Mys s,

(=1)sMl1sMys—g,- -, (r —time)]. Therefore z_1 =x1 =2r,a_1 =2r—1,a1 =2r,y_1 = y1 =
25+ 1,b_1 =8s,by =8 — 1,4, =y} =2s+1and V' ; = 8s — 1,b) = 8s. It follows that

v_1—v; =0and e_; —e; = —1. Hence, Py, () cﬁs+2 is signed product cordial.

Case 5. Suppose that m = 4r + 1, where r > 1. Then we label the vertices of P11 () cﬁs”
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by [Lar(—1); (—1)315L) 4, (—1)313L), 4, (—1)3Mjls Mys_g, (—1)sMj13Mys—g,- - - , (r—time)
(=1)3l3L}, 4. Therefore x_1 = 2r+1,21 = 2r,a_1 = a3 = 2r,y_1 =y = 2s+1,b_1 = 8s,b; =
8s—1,y ; =y =2s+1and b’ ; =8s—1,b} = 8s. It follows that v_1—v; = land e_;—e; = 1.
Hence, Py41 () ¢i,4o is signed product cordial.

Case 6. Suppose that m = 4r + 2, where r > 1. Then we label the vertices of P42 () cﬁs”
by

[Lar(—1)15(=1)313 L% 4, (—1)313Ll, 4, (—1)3M3513Muys_g, (—1)3M313Mys_s,
T (’I’ - time)(_1)313 215747 (_1)3M413M4576]'

Therefore 1 = ©1 = 2r+ l,a_1 = 2r+ l,a1 = 2r,y_1 = y1 = 2s+ 1,b_1 = 8s,b1 =
8 — 1,4, =y, =2s+1and b, = 8 — 1,b] = 8s. It follows that v_; — vy = 0 and
e_1 —e; = 1. Hence, Pyr12 () 0354_2 is signed product cordial.

Case 7. Suppose that m = 4r + 3, where r > 1. Then we label the vertices of Py.13(® C?Ls+2
by [Lap1(=1)(=1); (=1)slsLiys 4, (—1)313L0, 4, (—1)sM313 Mys_g, (—1)3M313Mas—s,- -, (r—
time), (71)3M513M4s—67(71)313[/:13_43 (71)3131’:15—4]' Therefore r_1 = 2r + 271‘1 = 2r +
lyay =2r,a1 =2r+2,y1 =y1 = 2s+1,b_1 =8s,by =8 — 1,9, =y} =25+ 1 and
b, =8s—1,b) =8s. It follows that v_; —v; =1 and e_y — e; = —1. Hence, Py43 O ciops
is signed product cordial. O

Lemma 3.5 If n = 3(mod 4), then P, () ctsigned product cordial for all m > 1.

Proof Suppose that n = 4s + 3, where s > 2. The following cases will be examined.

Case 1. Suppose that m = 2. We label the vertices of P> () ¢j, 3 by [(—1)1; Mus13, S5, 1(—1)1].
Therefore x_1 = 1 = l,a_1 = l,a1 = 0,y_1 = 25+ 2,41 = 2s+ 1,b_1 = 8+ 2,b; =
8s+ 1,y 1 =2s+1,y; =2s+2and b’ ; =8s+2,b) =8s+1. It follows that v_; —v; = 0 and

e_1 —e; = 1. Hence, P» (D ¢}, is signed product cordial.

Case 2. Suppose that m = 4r, where r > 1. Then we label the vertices of Py, & Ci, 5
by [Lar; Myst3, Masys, Sis1(—=1)1,5,,1(=1)1, ..., (r — time)]. Therefore z_; = x1 = 2r,a_1 =
2r—1,a1 =2r,y_1 = 2s4+2,y1 = 2s+1,b_1 =8s+2,b; =8s+1,y | =2s+1,y; = 2s+2 and
b | =8s+2,b) =8s+ 1. It follows that v_; —v; =0 and e_; —e; = —1. Hence, Py, (chiSJr3
is signed product cordial.

Case 3. Suppose that m = 4r + 1, where r > 1. Then we label the vertices of P11 () cﬁs+3
by [S4r(—1); S4,1(—1)1,54,1(—1)1, Mysi3, Mysys,, -, (r—time),sj,1(—1)1. Therefore z_; =
2r+1,2y =2r,a_y =2r—1,a1 = 2r+1,y_1 = 2s+2,y1 = 2s+1,b_1 = 8s+2,b; =8s+1,y" ; =
2s+1,y] = 2542, =8s+2,b) =8s+1,y”; =2s+1,y; =2s+2and b’ = 8s+2,b] = 8s+1.
It follows that v_1 —wv; =0 and e_; — e; = 0. Hence, Pyr41 ) cﬁs+3 is signed product cordial.

Case 4. Suppose that m = 4r+2, where r > 1. Then we label the vertices of Py,42 () cﬁs% by
[Lar(—1)1; Mysys, Mysy3, S5 1(—=1)1, S, 1(—=1)1,- -, (r —time), Mysys,S4,1(—1)1]. Therefore
r1 =x1 =2r+la1 =2r+1l,a = 2r,y_1 =2s+2,y1 = 2s+1,b_1 = 8s+2,b; =
8s+ 1,9 1 =2s+1,y; =2s+2and b’ ; =8s+2,b) =8s+1. It follows that v_; —v; = 0 and
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e_1 — ey = 1. Hence, P12 () ci,, 4 is signed product cordial.

Case 5. Suppose that m = 4r + 3, where r > 1. Then we label the vertices of Py, 15 i, 5
by

[L4'r1(71)(71), M4s+3a M4s+37 5231(71)17 Sﬁ/lsl(il)la Tt (’f' - time)? Sﬁ/lsl(*l)ly M4s+37 5451(71)1]

Therefore x_y = 2r+ 2,21 =2r+1,a_1 =2r,a;1 = 2r+2,y_1 =2s+2,y1 = 2s+ 1,b_; =
8s+2,by =8s+ 1,y ; =2s+1,y] =2s+2,b" ; =8s+2,by =8s+1,y"; =2s+ 1,y =2s+2
and b”; = 8s+ 2,0/ = 8s+ 1. It follows that v_; —wv; = 0 and e_; — e; = 0. Hence,
Pyri3 O ciqys is signed product cordial. O

As a consequence of all lemmas mentioned above we conclude that the corona between
paths and fourth power of cycles is signed product cordial for all m,n if and only if m > 1,
n > 7 except (m,n) = (1,7) or (3,7) and also if n = 3 for all m # 1, i.e., the conclusion

following.

Theorem 3.5 P, () ct is signed product cordial for all m,n if and only if m > 1, n > 7 except
(m,n) = (1,7) or (3,7).

In [5] it is proved that the corona P, () cj is signed product cordial if and only if m # 1.
Certainly, we get a general result on the signed product cordial of the corona between paths
and fourth power of cycles in this paper.
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Abstract: A Roman dominating function on a graph G = (V, E) is a function f : V(G) —
{0, 1,2} satisfying the condition that every vertex u for which f(u) = 0 is adjacent to at
least one vertex v for which f(v) = 2. The weight of a Roman dominating function is the

value

W)= > flw.

u€V(G)
The minimum weight of a Roman dominating function on a graph G is called the Roman
domination number of G and is denoted by yr(G). In [9], we have introduced and established
the study of the Roman domination polynomial of graphs and obtained some important
properties about the polynomial and we have computed the polynomial for some specific
graphs and graph operations. In this paper, we study the Roman domination polynomial
of a cycle C), on n vertices. Exact formula for the polynomial, important properties of its

coefficients and interesting results have obtained.

Key Words: Domination polynomial of cycles, Roman domination polynomial of graphs,

Roman domination polynomial of cycles, Smarandachely dominating set.

AMS(2010): 05C31, 05C69, 05C76.

81. Introduction

Let G = (V,E) be a simple graph, where V and E are the set of vertices and edges of G,
respectively. The open neighborhood and the closed neighborhood of a vertex v € V(G) are
defined by N(v) = {u € V(G) : uwv € E} and N[v] = N(v) U {v}, respectively. The cardinality
of N(v) is called the degree of the vertex v and denoted by deg(v) in G. For more terminology
and notations about graph, the reader is referred to [6,10].

A subset D of V(G) is a dominating set of G, if for every vertex v € V — D, there exists
a vertex u € D such that v is adjacent to w and a subset D is Smarandachely dominating set
of G on a complete subgraph K, < G, s > 0 if for every vertex v € V — V(H) — D there exists
a vertex u € D such that v is adjacent to u but for vertices w € V(Kj) there are at least 2
vertices uy, us € D such that wuy, wus € E(G). Clearly, if s = 0, a Smarandachely dominating
set of G is nothing else but the usual dominating set. A dominating set of G of cardinality

1Received August 13, 2021, Accepted September 3, 2021.
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~v(G) is called the domination number of G. For more details about domination of graphs, we
refer to [11].
The domination polynomial D(G,z) of a graph G is defined by

D(G,z)= Y d(G, i),
)

i=v(G

where d(G,1) is the number of all the dominating sets of G of size i [5]. The dominating sets
and the domination polynomial of graphs have been studied extensively in [5, 3, 4, 2]. Recently,
the injective domination polynomial of graphs has been studied in [1].

A Roman dominating function of a graph G = (V, E) (or in brief RDF of G ) is a function
f:V(G) = {0,1,2} satisfying the condition that every vertex u for which f(u) = 0 is adjacent
to at least one vertex v for which f(v) = 2. The weight of a Roman dominating function is

WEV)= > fl).

ueV(G)

A Roman dominating function of a graph G with weight vz(G) is called the Roman dom-
ination number of G. For more details about Roman domination and its properties, the reader

is referred to [7]. The next proposition showed that the exact value of vg of a path P, and a

2
cycle C,, on n vertices is [; .
Proposition 1.1([7]) For the classes of paths P, and cycles Cy,

Yr(Pn) = Vr(Cn) = F;-‘

In [8], we have introduced the Roman domination polynomial of graph as

R(G,z)= Y r(Gjal,

J=7r(G)

where 7(G, j) is the number of Roman dominating functions of G of weight j. We have estab-
lished this study by obtaining some important properties of the polynomial and its coefficients,
and determining the exact formula of the polynomial for some families of graphs and graph
operations.

In the next proposition, we obtain some important properties of R(G,z) of a graph G

which we need to use in this paper.

Proposition 1.2([9]) Let G be a non trivial graph on n vertices. Then,

(1) R(G,x) has no constant term;
(i1) R(G,z) has no term of degree one;
(#i1) Zero is a root of R(G,x), with multiplicity vr(G);
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(iv) R(G,x) never equal xP for any 2 < p < 2n;
(v) For any graph G, r(G,2n) =1 and r(G,2n — 1) = n;
(vi) 7(G,7) =0 if and only if j < vr(G) or j > 2n;
(vii) R(G,z) is a strictly increasing function in [0, 00);
(viii) The only polynomial of degree two can R(G,x) be equal is 2% + x if and only if
G~ K,;
(ix) Let H be any induced subgraph of G. Then

deg(R(G,z)) > deg(R(H, z)).

In this paper, we study the Roman domination polynomial of a cycle C}, on n vertices. Ex-
act formula for R(C,,, x), important properties and relations between the coefficient of R(C,,, z)

are obtained.

§2. Roman Domination Polynomial of a Cycle

n [3], Alikhani and Peng have showed that the number of all dominating sets with cardinality
1 of a cycle C,, equal to the sum of the number of all dominating sets of the cycle C,,_1 with
cardinality i — 1, the cycle C,,_o with cardinality ¢ — 1 and the cycle C,,_3 with cardinality i —1,
and then they have found the exact formula of the domination polynomial of cycles, as follows:

Theorem 2.1([3]) (i) If Ci is the family of all dominating sets with cardinality i of a cycle
C,, then
Chl = |G+ |G| + 16

(ii) For every n >4,
D(Cp,x) = a:[D(Cn,l,sc) + D(Cp_o,2) + D(C’n,?,,ac)]7

with initial values D(Cy,z) = x, D(Cy,z) = 2 + 2z and D(C3,z) = 23 + 322 + 3z.

In this section, we find the Roman domination polynomial of a cycle C,, on n vertices, and
then we study some of its properties, and finally, we illustrate in a table the coefficients of all
Roman domination polynomials of cycles C,, with n < 10.

Let CJ, be the set of all RDFs of C,, with weight j. Actually, to find a RDF of C,,, we do
not need to consider RDFs of C,,_4 with weight j — 2 (weight j — 1 is not possible here), we
will show this in the next lemma. Note that, when we talk about a RDF f with weight j — 1
or j —2in C,,_,, where r = 1,2,3 such that f € CJ,, we mean a RDF f of C,, minus only one
vertex v € Oy, \ C,—, taking a value f(v) =1 or f(v) = 2, respectively.

Lemma 2.2 Let f € CJ,. Then, if f € C? 72, this implies that f € Cfl__%.

n47

Proof Consider V(Cy,) = {v1,va,...,v,}. Suppose f € (Cn 7. Then we have two cases
following.
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Case 1. If f(v1) = 0 or 1, then the vertex v,_4 must take the value 2 under the function f
(shortly f(vn_4) = 2) because otherwise f ¢ CJ, a contradiction. Therefore, f € C7 3.

Case 2. If f(vy) = 2, then whatever the vertex v,,_4 taking under the function f (f(v,—4) =0
orlor2) = feC/ 3 O

In the following theorem, according to Theorem 2.1 part (i) (since every RDF of a graph
G it just a labeling on some dominating set of the graph G itself) and Lemma 2.2, we state the

Roman domination polynomial of C), in terms of the Roman domination polynomial of C,,_1,
Cp—o and C,,_3.

Theorem 2.3 Let C,, be a cycle on n > 4 vertices. Then
R(Cp,x) = (2* + 2)R(Cp_1,7) + 2°R(Cp_2, ) + (2 + 2*)R(C,,_3, ),

with initial values R(Cs,x) = x5 + 325 + 62* + 723 + 322, R(Cq,z) = 2* + 223 + 322 and
R(Cy, ) = 2% + 2.

Proof Consider V(C,,) = {v1,v2,...,v,}. Let f € CJ. Then we have the following cases.

Case 1. Suppose that f € (CfL__l1 or f € (CZ;% (this means that, for the last vertex v,, either
f(vn) =1or f(v,) =2, respectively). Then we get the term (22 + z)R(Cp,—1, x).

Case 2. Suppose that f € C/ "% or f € C2~%. Thus, we have the following subcases.

n—

Subcase 2.1 Suppose f(v,—1) = 1 and f(v,) = 0. Then the vertex v; should take the

value 2. Hence, we get the term 23 R(C,,_3, ).
Subcase 2.2 Suppose f(v,—1) =0 and f(v,) = 1. This case included in Case 1.
Subcase 2.3 Suppose f(v,_1) =2 and f(v,) = 0. Then we get the term z?R(C,,_2, ).

Subcase 2.4 Suppose f(v,—1) = 0 and f(v,) = 2. This situation has some connection
with Case 1, so to avoid the repetition, we will take only the situations when Cil__gl = ¢. There-
fore, we will choose f(v,—2) = 0. Then the vertex v,_3 should take the value 2 ( f(v,—3) = 2),
but if the vertex v; take the value 2 also, we get a repetition with Case 1. Hence, we get the
term 24 R(Cy,_4,2) — 2°R(Cp_5, 7).

Case 3. Suppose now f € (Cf;%, where f(vn,—2) =2, f(vn—1) =0 and f(v,) = 0. Then we
obtain the term z*R(C),_4, ).

Case 4. In this case, we have remaining the situation when f(v,—2) =0, f(vp—1) = 2 and
f(vy) = 0 such that C/~% = ¢. Therefore, we have the term z2R(C,,_3,z) but there are two
possibilities of repetition, when f(v,_3) = 2 or f(v,) = 2. Thus, we have remove the term
22 R(Cy,_4, ). But while we remove the term 2z4R(C,,_4, ) we will miss the situation when
f(vn—3) =2 and f(v,) = 2 which give us the term z5R(C,,_5, ). Hence in the end of this case

we obtain the term

2?R(Cy_3,x) — 22*R(Cp_4, ) + 2°R(Cp_5, ).
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The proof is completed. O

Using Theorem 2.3, we obtain 7(C,, j) for 1 < n < 10 as shown in Table 1.

il o1 2 3 4 5 6 | 7| 8 ] 9| 10
n

1| 1 1

21 0 3 2 1

30 0 3 7 6 3 1

41 0 0 4 15 | 16 | 10| 4 | 1

51 0 0 0 10 | 31 |40 | 30 | 15 | 5 1

6| 0 0 0 3 24 | 69 | 96 | 84 | 50 | 21
71 0 0 0 0 7 | 56 | 155 | 231 | 224 | 154
8| 0 0 0 0 0 | 20 | 128 | 351 | 552 | 584
91 0 0 0 0 0 3 | 54 | 297 | 799 | 1314
0] 0 0 0 0 0 0 | 10 | 140 | 690 | 1833
jol 11 | 12| 13| 14 | 15 | 16 | 17 | 18 | 19 | 20
n

6| 6 1

7| 77 | 28 7 1

8 | 448 | 258 | 112 | 36 8 1

9 | 1494 | 1257 | 810 | 405 | 156 | 45 | 9 | 1

10 | 3120 | 3770 | 3430 | 2430 | 1362 | 605 | 210 | 55 | 10 | 1

Table 1 r(C,,j), the number of Roman dominating functions of C,, with cardinality j.

In the following theorem, we obtain some important properties about the coefficients of

the Roman domination polynomial of a cycle C,,.

Theorem 2.4 The following properties are satisfied for the Roman domination polynomial
R(Cy,x) of a cycle Cy,:

(i) 7(Cn,j) =7(Cpn-1,j = 1) +7(Crne1,5 = 2) + 1(Cp2,j — 2) + 7(Cn—s,j — 2)
+7(Cp-3,J — 3);

(i) 7(Csk,2k) = 3, where n = 3k for some k € N;

(#i1) If n =3k + 1 for some k € N, then r(Csgy1,2k +1) =3k +1;

1 = + 2 fi + 2 +

(z'v) 'fn =3k +2 for some k € N, then ’I"(Cgk 2,2k +2) = w;
If n= k(k+1)(k+

(U) n = 3k for some k € N, then T(C%’Qk + 1) — #;

(3k +1)(k+4)(k* + 11k +6)
24 ’

(vi) Ifn=3k+1 for some k € N, then r(Csi41,2k+2) =
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(vit) If n = 3k + 2 for some k € N, then

(3k 4 2)(k + 3) (k™ + 23k? + 122k + 40)
120 ’

r(Csgt2,2k +3) =
(viii) If n = 3k for some k € N, then

5 4 3 11 2 234k —
H(Cop 2k + 2) — KO+ 35K 4 365Kk° + 1165k + 234k — 360)

240 )
(Z.’E) T(Cn,Qn) = ].,'
() r(Cp,2n — 1) =n;
(zi) r(Cp,2n —2) = w;
(wii) r(Cp,2n — 3) = n<n+><n+4>
nin n2 n —

(ziii) 7(Cp,2n — 4) = (n+1)( 24+ on—18).

- ~n(n—1)(n® + 110 — 14n — 144)
(ziv) 7(Cp,2n —5) = o 7

(xv) For every k € N,

= 1r(Ck, 2k) < 7(Cr41,2k) < r(Cly2,2k) < -+ <r(Co,2k) > -+ > r(Cs-1, 2k)
> T(03k7 2](5) = 3;

(xvi) For every k € N,

k+1= T(Ck+1,2k‘+ 1) < T(Ck+2,2k‘—|— 1) < T(Ck+3,2]€ + 1) <K T(Cgk+1,2k‘—|— 1)
> > T(03k72k+ 1) > T(Cgk+1,2k+ 1) =3k+1;

2n
(zvit) If ap = Z r(Cp,j), then for every n > 4, ay, = 20—1 + Qo + 2a,—3, with
=13
initial values aqp = 2, ag = 6 and az = 20.
(zviii) For j > 2,

35 3j—2 3j—3 3j-5
2 r(C2) =3 r(Ci2j=1)+3 D r(Ci2j =2+ D r(Ci2j = 3);
i=j 1=j 1=j—1 i=j—1

(xiz) For j > 3,

37—2 37—3 3j—5 37—6
Sor(Ci2i—1)= > r(Ci2j-2)+3 Y r(Ci,2j —3)+ Y 7(Ci,2j —4).
i=j i=j—1 i=j—1 i=j—2

Proof Let C, be a path on n vertices with V(C},) = {v1,va, -+ ,vn}.

(i) The proof of this result is straightforward from Theorem 2.3.

(ii) Let n = 3k for some k € N. Since C%, = {{Ul,’U4, e U3K—5,U3k—2 ), {U2, U5, t , Usk—4,
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V3k—1}, {v3, Vg, * - ,’ng_3,’ng}}, then we have only three RDF of C,,, in this case, such that
each vertex taking the value 2. Hence, r(Psy, 2k) = 3.

(#41) Proof by induction on k. If k = 1, then r(Cy,3) = 4 (see Table 1). Therefore, the
result is true for £ = 1. Now, suppose the result is true for all natural numbers less than or
equal k — 1. We will prove that the result still true for k. By parts (i) and (i7), the induction
hypothesis and Proposition 1.2 part (vi), we get.

r(Csgt1,2k + 1) = r(Csk, 2k) + r(Csi, 2k — 1) + 7(Csp—1, 2k — 1)
+7(Cs—2,2k — 1) + 7(Csp—2,2k — 2)
=34+04+0+7(Cap-1)4+1,2(k —1)+1) +0
=3k+ 1.

(iv) By induction on k. If k = 1, then 7(Cs,4) = 10 = %Q(HS) (see Table 1). Suppose
now the result is true for all natural numbers less than or equal k — 1. Then by parts (), (i)

and (i4¢) and Proposition 1.2 part (vi), we have.

7(Cary2,2k + 2) = r(Cspq1, 2k + 1) + 7(Capy1, 2k) + 7(Csy, 2k)
+7(Cap—1,2k) + r(Csp—1,2k — 1)
=3k+14+04+3+7(Cap-1)42,2(k—1)+2) +0

:3k+4+(3k—1;(k+2) _ (3k+2;(k+3).

(v) Proof by induction on k. If &k = 1, then r(C3,3) = 7 = w (see Table 1).
Suppose the result is true for all natural numbers less than k. Then by using parts (z), (i),

(7i7) and (iv) and Proposition 1.2 part (vi), we obtain.

T(Cgk, Qk —+ 1) = T(Cg(k_1)+2, 2(/€ — 1) —+ 2) + T(C3(k_1)+2, 2(]{} — ].) —+ 1)
+7(Cy(k—1)+1,2(k = 1) + 1) + 7(Cs4—1), 2(k — 1) + 1) +7(C3(,—1), 2(k — 1))
3k — 1)(k +2) (k — 1)(k)(k + 5) k(k + 1)(k + 6)

S i i k—2 T AT
5 +0+3k—2+ 5 +3 :

(vi) By induction on k. When k = 1, r(Cy,4) = 15 = (3+1)(1+31(1+11+6) (see Table 1).

Suppose the result is true for all natural numbers less than k. Then by using parts (i), (i),

(1), (iv) and (v), we get.

r(Cskt1,2k +2) = r(Csi, 2k + 1) + r(Cag, 2k) + T(Cg(k,l)JrQ, 2(k-1)+2)
+7(C3e-1)+1,2(k = 1) +2) + r(Cs(h—1)41,2(k — 1) + 1)
k(k+1)(k+6 3k —1)(k+2
_ KD 6) | (36100 +2)
(3k —2)(k+3)((k—1)>+11(k — 1) + 6)
+
24
(3k + 1)(k + 4)(k? + 11k + 6)
24 '

+3k—-2
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v12) By induction on k. =1, then r(C5,5) = = see Table
/i) By inducti k. If k = 1, then 7(Cs, 5) = 31 = G213 123+122440) Tabl

1). Now, suppose the result is true for all natural numbers less than k. Then by using parts
(1), (iii), (iv), (v) and (vi), we get.

T(C3k+2, 2k + 3) = T(C3k+1, 2k + 2) + T(C3k+1, 2k + ].) + T(Cg}“ 2k + 1)
+7(Csk—1)+2,2(k — 1) +3) + r(C3r—1)42,2(k — 1) +2)
(3k + 1)(k +4)(k? + 11k + 6) k(k+1)(k +6)

= 51 +3k+1+ 5
(Bk—1)(k+2)((k—1)3+23(k — 1) + 122(k — 1) +40)  (3k — 1)(k + 2)
+ +
120 2
(3K 4 2)(k + 3)(k + 23k? + 122k + 40)
- 120 '

(viii) By induction on k. If k =1, then r(C3,4) =6 = 1(1+35+365+21$65+2347360) (see Table
1). Now, suppose the result is true for all natural numbers less than k. Then by using parts

(1), (#v), (v), (vi) and (vii), we get.

T’(Cgk, 2k + 2) = T’(C3(k_1)+2, 2(l€ - 1) + 3) + T(C3(k_1)+2, 2(]{5 - 1) + 2)
+7r(Cah—1)+1,2(k = 1) + 2) + r(Ca-1),2(k — 1) +2)
+7(Cyk—1),2(k — 1) + 1)
Bk —1)(k+2)((k—1)3+23(k — 1) + 122(k — 1) +40)  (3k — 1)(k + 2)
120 + 2
(Bk—2)(k+3)((k—1)?+11(k—1)+6) (k—1)(k)(k+5)
+ 24 + 2

(k—1)|(k—1)° +35(k — 1)* + 365(k — 1) + 1165(k — 1)? + 234(k — 1) — 360

+ 240

k(k5 + 35k* 4 365k3 + 1165k + 234k — 360)
240 '

(iz) The proof is clear.
(x) Clearly, for every vertex v € V(C,, the function f : V(C,) — {0,1,2} with f(v) =1
and weight W(f(V)) = 2n — 1 is a Roman dominating function of G. Hence, r(Cp,2n — 1) =

n
=n.

1
(i) By induction on n. The result is true for n = 2, since r(C2,2) = 3 (see Table 1).

Suppose the result is true for every natural number less than n. Then by parts (i), (iz) and

(z) and Proposition 1.2 part (vi), we have.

r(Cn,2n—2) =1r(Cro1,2(n —1) = 1) +7(Cp-1,2(n — 1) = 2) + 7(Cy—2,2(n — 2))
+1r(Cn-3,2(n —3) +2) +7(Cp_3,2(n — 3) + 1)

-1 1
:n—1+%+1+0+0=%.

(zii) By induction on n. The result is true for n = 3, since r(C3,3) = 7 (see Table 1).
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Suppose the result is true for every natural number less than n. Then by parts (i), (iz), (z)
and (zi) and Proposition 1.2 part (vi), we have.

7(Cn,2n—3) =7(Cro1,2(n —1) = 2) +7(Cp—1,2(n — 1) = 3) + 7(Cr—2,2(n — 2) — 1)
+7(Cn—s,2(n—3) + 1) + 7 (Cp—3,2(n — 3))
_n(n-1) N (n—1)(n—2)(n+3) 24041
2 6
n(n—1)(n+4)
6

(zi#i) By induction on n. If n = 5, then r(C5,6) = 40. Therefore, the result is true for
n = 4(see Table 1). Suppose now the result is true for every natural number less than n. Then
by parts (i), (iz), (z), (zi) and (zii), we have.

7(Cn,2n—4) = 1r(Cro1,2(n —1) = 3) +7(Cp—1,2(n — 1) = 4) + 7(Cr—2,2(n — 2) — 2)
+7(Cn-3,2(n—3)) +r(Cp-3,2(n — 3) — 1)

_(n—=1)(n—2)(n+3) n (n—1)(n) [(n —1)24+5(n—1) - 18}
B 6 24
(n—1)(n—2)

+ +1+4+n-3

~ n(n+1)(n® +5n —18)
24

(ziv) By induction on n. The result is true for n = 5, since 7(C5,5) = 31 (see Table 1).
Suppose now the result is true for every natural number less than n. Then by parts (i), (z),
(z1), (xit) and (wxiii), we have.

7(Cn,2n—=5) =1r(Cro1,2(n —1) —=4) +7(Cp—1,2(n — 1) = 5) + 7(Cr—2,2(n — 2) — 3)
+7(Cng,2(n—3) = 1) +r(Cp_3,2(n — 3) — 2)
(n—1)(n)[(n —1)*+5(n — 1) — 18]

24
(n=1)(n—2)[(n—1)>+11(n — 1)? — 14(n — 1) — 144]
* 120
N (n—Q)(ng?u)(n—&-Q) tn—34 (n—3)(n—2)
n(n —1)(n3 + 11n% — 14n — 144)

120

(xv) We need to prove that for every k € N, r(C;,2k) < r(Cy,2k) for k < i < 2k —1 and
r(Cy, 2k) > r(Cy,2k) for 2k < i < 3k. By induction on k, the result is true for £ = 1. Now,
suppose that the result is true for every i less than or equal k. We will prove it for i = k + 1
which means r(C;, 2k+2) < r(Cit1,2k+2) for k+1 < i < 2k+1. By part (i) and the induction
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hypothesis, we have

r(Ci, 2k +2) = r(Ci—1,2k + 1) + r(C;_1, 2k) + r(C;_2, 2k)
+7(Ci—s3,2k) +r(Ci—3,2k — 1)
<r(Cy, 2k + 1) + r(Cy, 2k) + r(C;—1, 2k)
+7(Ci—2,2k) + r(Ci—2,2k — 1)
=r(Cit1,2k +2).

Similarly, we prove for the other inequality.

(zvi) Similar to the prove of part (zv), we will prove that for every k € N, r(C;, 2k + 1) <
r(C;,2k+1) for k+1<i <2k and r(C;,2k+1) > r(C;,2k+ 1) for 2k +1 <i <3k +1. By
induction on k, the result is true for kK = 1. Now, suppose that the result is true for every 7 less
than or equal k + 1. We will prove it for ¢ = k + 2 which means r(C;, 2k + 3) < r(Ci11,2k + 3)
for k+2 <i <2k+2. By part (i) and the induction hypothesis, we have

r(Ci, 2k +3) = r(Ci—1,2k + 2) + r(Ci—1,2k + 1) + 7(Ci—2,2k + 1)
+r(Ci—s3,2k + 1) +r(C;_3,2k)
< 7(Ci, 2k +2) +7(Ci, 2k + 1) +7(Ci_y, 2k + 1)
+7(Ci—a,2k + 1) + r(Ci—2,2k) = r(Ciy1, 2k + 3).

Similarly, we prove for the other inequality.

(zvii) By Theorem 2.3, we have

2n
R(Cp,x) = Z r(Cp,j)2? = (2® + 2)R(C_1,2) + 2*R(Cyy_2, 2)
J=vr(Cr)
+ (2 + 2 R(Cp_3, 1)
2n—2 2n—4
= > rCon D[P+ Y r(Cuma, )2t
J=122] J=122
2n—6
+ Z r(Cp—s, j)[a71? + 2772].
J=122-5]
2n
Now, if a,, = Z r(Cp,j), we can see that all the coefficients of R(C,_1,z) and
3=

R(C)—3,2) counted twice and all the coefficients of R(C,—_2,x) counted once in «,. Hence,
Qp = 2an—1 +op—2 + 2an—3~
(zviid) If j = 2, then
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By part (i), we have

37

3J

> r(Ci2i) = > (G

i=j

=7

3; 3;
52— 1)+ r(Cin1, 2§ —2) + ) r(Cinz,2j - 2)
— —

37 3j
+> r(Cis,2i—2)+ > 1(Cis,2j —3).
i=j i=j

Now, by Proposition 1.2 part (vi), we have

and

33
> r(Ci1,2j - 1)
i=j
3j
> r(Cio1,2j - 2)
i=j
37
ZT(CZ‘_Q, 2] - 2)
i=j
3j
> r(Cizs,2j - 2)

i=j
3J

> r(Cios,2j —

i=j

3j 3j-2
= Z r(Ci,2j —1) = Z r(Ci, 25 — 1),
i=j—1 i=j
3j 3j—3
= Z r(C;,2j —2) = Z r(C;,25 —2),
i=j—1 i=j—1
3j 3j-3
= ) r(Ci,2j-2)= > r(Ci,2j-2),
i=j—2 i=j—1
3j 3j—3
= Z r(C;,2j —2) = Z r(Cs,25 —2)
i=j—3 i=j—1
35 3j—5
3)= > r(Ci,2j-3)= > r(C;,2j —3).
i=j—3 i=j—1

(ziz) The proof is similar to the proof of part (zviii).
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Abstract: This paper critically analysis the behavior and the relationship that exist be-
tween musical notes and abstract algebra. The musical notes form additive Abelian group
modulo 12. Finally, the work come up with some propositions due to the musical notes
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81. Introduction

In mathematics and group theory, abstract algebra, studies the algebraic structures known as
groups. The concept of a group is central to abstract algebra. Other well-known algebraic
structures, such as rings, fields, and vectors space can all be seen as groups endowed with ad-
ditional operations and axioms. Various physical systems, such as crystals and the hydrogen
atom, can be modeled by symmetry groups. Thus, abstract algebra has many important appli-
cations in physics, chemistry, and materials science. Abstract algebra is also central to public
key cryptography. The modern concept of abstract group developed out of several fields of
mathematics (Wussing, 2007). The idea of group theory although developed from the concept
of abstract algebra, yet can be applied in many other areas of mathematical areas and other
field in sciences and as well as in music. Music theory is a big field within mathematics and lots
of different people have taken it in different directions. Music is that one of the fine arts which
is concerned with the combination of sounds with a view to beauty of form and the expression
of thought or feeling. Music itself is not complete without musical notes. And the musical
notes and Indian music are: C, C#,D,D#, E, F, F#, G, G#, A, A#,B. Now in India, Indian
seven sargam are: Sa. Re, Ga, Ma, Pa, Dha, Ni. For years, many people find it difficult to
comprehend some concept in group theory satisfactorily, but with the behavior of these musical
notes, group theory can be studied. “All is number” (only musical notes) is the motto of the
Pythagorean School. This school was founded by the Greek mathematician and philosopher
Pythagoras (ca. 580-500 B.C.). The members of the school pursued the study of mathematics,

philosophy, astronomy and music.

1Received June 17, 2021, Accepted September 5, 2021.
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82. Group Theory

Group theory is the branch of pure mathematics which is emanated from abstract algebra.
Due to its abstract nature, it was seeming to be an arts subject rather than a science subject.
In fact, was considered pure abstract and not practical. Even students of group theory after
being introduced to the course seems not to believe as to whether the subject has any practical
application in real life, because of its abstract nature The problem prompts the researchers to
study the different ways in which group can be express concretely both from theoretical and
practical point of view, with intention of bringing its real- life application in musical notes. This
paper aim at taking some concepts of group theory to study and understand musical notes in
relation to the group’s axioms. The main objective is to see these musical notes interpretation
algebraically as regard to their behavior. This work focus on the behavior of musical notes which
largely depend on groups axioms, theorems such as two left cosets, cyclic groups, Langrange’s
and Sylow’s first theorem.

83. Definition of Terms

We present here some few definitions that will help us to be familiar with concepts in music

and abstract algebra.

3.1 Musical Notes
Musical notes are the following notes:

C,C#,D,D#,E,F, F#, G, G#, A, A#, B.
When logically combined, give out pleasant sound to the ear. The first note which is C, is
called the root note; C# is called the 2°¢ note; D is called the 3'¢ note; D# is called the 4"
note; E is called the 5" note; F is called the 5! note; F# is called the 6" note; G is called the
7t note; G is called the 8" note; A is called the 10" note; A# is called the 11*" note and B
is called the 12" note.

3.2 Musical Flat b

Musical flats can be defined as the movement of sound from one pitch to the one lower, and it

is donated to b. For example, movement from F to any other not

3.3 Musical Sharp #

This can be considered as the movement of sound from a pitch (note) to another pitch higher,
and it bis denoted by #. For example, movement from F to any other note to the right on the
musical notes. Tone This simply meant any movement from a musical note to the next note
two steps forward or backward on the musical notes. For example, movement from F to G or
to D#. Semitone This can be defined as any movement from a musical note to the next note
a step forward or backward on the musical notes (Scales). For example, movement from F to

F# or F to E. Now in India Indian seven sargam are:

Sa (For Agni Devta);
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Re means Rishabh (For Brahamma Devta);

Ga means Gandhar (For Goddess Saraswati);

Ma means Madhyam (For God Mahadev or Shiv);
Pa means Pancham (For Goddess Laxmi);

Dha means Dhaivata (For Lord Ganesha) and
Ni means Nishad (For Sun God).

3.4 Chord

A chord is produced when two, three or more notes are sounded together.

3.5 Transposition

Transposition involves playing or writing a given melody at a different pitch higher or lower
other than the original.

3.6 Abstract Group

A group is a non-empty set (G,*) together with an operation () on it which satisfies the
following axioms:

Cy: Va,be G, ax beG (Closure);

Cy: Va,b,ceG, (a*x b)xc=ax(bxc) (Associative);

Cs: Va,beG,Jee€ G, then axe=exa=a (Identity);

Cy: VaeG,Ja ' e€G, thenaxa ! =a ! xa=e (Inverse);

Cs: Va,beG,ax b=bxaec G (commutative).

A generalization of group is the multigroup ([7]). Usually, a Smarandache multigroup

G= (U Gi; U{J)

is the union of m groups, i.e., (G;;-;) is a group for integers 1 < ¢ < m constraint with
m
conditions on their intersection, for instance their intersection (| G; = {e}, the identity of all

i=1
G, i.e., e; = e for integers 1 < ¢ < m, which can be also applied to characterize the musical

notes.

3.7 Integers Modulo m

This is a finite group that is called the additive group of the residue class of integers modulo
m. it is denoted by Z,,.

3.8 p-Group

Let p be an arbitrary but fixed prime number. A finite group G is said to be a p-group if its
order is power of p.

If T <G and |T| = p" for an integer > 0 then T is called p-subgroup of G.
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84. Theoretical Underpinning

Notice that the musical notes is obviously a multigroup consists of 12 trivial groups. However,
several authors worked on the application of group theory to many fields in sciences, games and
many more other fields but only few have ventured the field of music. Pythagoras (428 — 347
B.C.), who is considered as founder of the first school of mathematics as a purely deductive
science is also the founder of a theoretical music. He used to say that “all is number ”and
musical notes are not exceptional, that is C,C#,D,D#,E, F,F#,G, G#, A, A#, B.

But why “all is number”? The Pythagoreans associated certain meanings and characters
to numbers. They considered odd numbers as males and even numbers as females. To the
Pythagoreans, one is the number of reason, two is the number of opinion, three is the number
of harmony, four is the number of justice, five is the number of marriage, six is the number
of creation, seven is the number of awe, and ten is the number of the universe. A couple of
possible reasons were given. The first one is the Eastern influence.

o

W

Figure 1 Musical clock

Having traveled to Egypt and Babylon, Pythagoras might have been influenced by nu-
merology, which deals with numbers and mystical relations among them, that was common in
these two regions. A second possible reason is to give an alternative view to the contemporary
belief in Greek concerning the principles of things. At the time, it was believed that earth,
air, fire and water are the four basics principles of things. This did not convince Pythagoras
in explaining the principles of immaterial things. A third possibility comes from astronomy, a
subject that was studied by Pythagoras. In studying stars, one observes that each constellation
can be characterized by the number of stars composing it and the geometrical figure that they
form. The fourth possible reason comes from music. The members of the school practiced mu-

sic. Pythagoras observed that musical notes produced from a vibrating string of some length
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could be characterized by (ratios of) numbers. Dividing a vibrating string by some movable
object into two different lengths produced different types of musical notes. These notes are
then described by the ratios of the lengths of the parts of the vibrating string. Explaining mu-
sical notes and describing stars by numbers may have then led the Pythagoreans to think that
numbers can also be used to explain other phenomena (Heath [6] and Thomas M. Flore [9]).
He referred to C, C#,D,D#,E,F,F#, G, G#, A, A#, B. As the Z15 Model of pitch class. He
constructed a musical clock shown in Figure 1.

He also said that there is a bijection between the set of pitch classes and Z;5. He defined
transposition as: T, : Z12 — Z12 then their exist T,,(X) : X + n and inversion was also defined
as I, : Z19 — Z1o then their exist I,,(X) : —x 4+ n, where n is in mod 12.

Ada Zhang [1] considered possibly musical notes with corresponding integers as

C C# D D# E F F# G G# A A#
0O 1 2 3 4 5 6 7 8 9 10

He defined transposition T, as that moves a pitch-class or pitch-class set up by n (mod12) [1].

Figure 2 Indian musical clock

In my ideas considered possibly indian musical sargam with corresponding integers as

Sa Re Ga Ma Pa Dha Ni
0 1 2 3 4 5 6

We defined transposition, T;, as that moves a sargam class by n(mod 7) And inversion was
also defined here as T, I as the pitch (A) about C'(0) and then transposes it by n. that is,
T.I(a) = —a 4+ n(mod12). Then further, laid out all the pitches in a circular pattern on a 12
-sided polygon. That is, consider the transposition T7;. It sends C to B,C to C, Alissa [3]
assert that the musical actions of the dihedral groups. This paper considers two ways in which
the dihedral groups act on the set of major and minor triads.

According to David Wright [4], referred to the musical notes with their corresponding
integers as in Ada Zhang [1] as My, that is the Mathieu group. He asserts that this can
be generated by just two permutations Expressed below in both two-line notation and cycle
notation. We denote these generating permutations as P; and P
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Adam ([2] defined transposition and inversion as: Transposition is define as T;, : Z13 — Z12
then their exist (X) : 2 + n mod 12 and he also define Inversion as I,,(X) : Z12 — Z15 then

their exist I,,(X) : —x + n where n is in mod12.

85. Methodology

We need a few of conclusions in group theory following ([7]).

Lemma 5.1 Let H < G be groups and g € G. Then,

(i) g € gH;
(i) Two left cosets of H in G are either identical or disjoint;

(i41) The number of elements in gH is |H|.

Lemma 5.2(Langrange’s Theorem) The order of a subgroup of a finite group is a factor of the

order of the group.
Lemma 5.3 FEvery subgroup of a cyclic group is cyclic.

Lemma 5.4(First Sylow’s Theorem) Let G be a finite group, p a prime and p" the highest
power of P diving the order of G. Then there is a subgroup of G of order of G. Then there is
a subgroup of G of order p".

86. Results and Discussion

The numbering of the musical notes are listed following:

C C# D D# E F F# G G# A A# B
0 1 2 3 45 6 7 & 9 10 11

Note that B# = C. It shows that the musical notes form a group of integers of Modulo 12.
That is Z15 = {C,C#,D,D#,E, F, F#,G,G#, A, A#, B}. Let the operation be x = # = +.
The behavior of the musical note on groups musical notes related with groups axiom is shown

in the following:

(i) Closure E, F € Z15. Hence Ex F = A € Zy5.

(71) Associative E, F and F# € Z15. Hence, (E* F)x F# = Ex (F *« F#) = Ax F# =
E x B = D# = D+.
With the behavior of the musical notes of Indian sargam we have just seen, we personally

suggest for the root note of musical scales (notes) to be algebraically named as the identity
note. Table 1 lists the musical notes and their inverse.
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Sargam Inverse
Re Ni
Ga Dha
Ma Pa

Table 1
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